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About Some Statistical Laws of the Processing  

of Experimental Data of Complex Systems 

 

Petro Kosobutskyy
1
, Mykhailo Lobur

1
, Natalya Nestor

1
, Alla Morgulis

2
 

Lviv Polytechnic National University, Lviv 79012, Ukraine
1
 

The City University of New York, USA
2
 

petkosob@gmail.com; loburm@gmail.com  

 

INTRODUCTION 

The tasks of obtaining and processing experimental data of complex 

systems have always been relevant. Random misses, measurement errors, 

imperfections, limited mathematical models, and data processing methods 

can change the look of the data distribution and lead to improper use of 

algorithms, as is the case with Kalman filtering in control systems. More 

complicated methods for the identification of distribution laws require the 

study of quantum systems, a number of natural phenomena, environmental 

and biological processes, which are characterized by the presence of 

singularities and multimodality of distributions. Therefore, it is often not 

recommended to apply separate distribution laws to simulate probabilistic 

experimental data distributions, but a generalized distribution as a single 

statistical system, which known distributions include as individual partial 

cases. 

On the other hand, іt is known, that recommendation for the 

modelling of statistical distributions of experimental data is not to use 

specific/particular distribution laws, but the general distribution as the only 

unified statistical system, which includes all known distributions as 

individual partial cases. Characteristics of the so-called generalized normal 

distribution, which represents a superposition of the normal Gaussian 

distribution and exponential Laplace distribution, were investigated by the 

authors [1-4]. In [5] the generalized distribution, which reflects not only the 

variety of statistical distributions, but also takes away the need for  

numerous  hypotheses on the statistics test, determines the affiliation of a 

random sample to a particular distribution law, was developed. Usage of 

general distributions is highly relevant in aeronautics [6], where reliable 

error estimation in determining the coordinates of aircraft and likely 

prediction of so-called rare events using a distribution tails is very 

important. In this paper, some laws such as ,)(
2xpk

kk
kexaxf


  
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),0[,...,4,3,2,1,0  Xk  of the generalized distribution of Gaussian 

type are established. 

 

THEORETICAL MODELLING AND DISCUSSION 

The Gaussian distribution or the normal Gaussian distribution of 
2xe

 type is widely used for statistical processing of the physical 

measurements results, since according to this law significant deviations 

from average values are unlikely, and, therefore, they can be neglected [7]. 

Moreover, it is assumed that the normal distribution of a random 

variable occurs when a significant number of random factors affects the 

physical system. Therefore, it is a limit for different types of distributions, 

which according to the central limit theorem, the sum of independent 

random variables with limited variance tends to the normal distribution. 

The normal distribution is set by two parameters expected value and 

variance. However, Gaussian integrals, including integrals for the 

calculation of averages X  and 
2X  can’t be expressed through elementary 

functions. Special tabulated functions, such as gamma function, error 

function )(xerf , Laplace's function 







 


X

Xmx


 [8] and justified 

recurrence relations [9,10], are used in calculations. 
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

x
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k dexF
0

2

)(  
. For the first five values 4,3,2,0k  the 

integrals (1) have the form: 
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where 02/1,0
2
 kkpx  .  Consequently, one-parameter distributions 

of random variables with probability densities of the Gaussian type can be 

introduced into consideration : 

),0[,...,4,3,2,1,0,)(
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for which the integral probability distribution is described by functions: 
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Functions (5) satisfy the basic requirements for the distributions of integral 

probabilities: 

jijiiii
x

i
x

xxifxFxFxallforxFxFxF
ii




),()(;)(;1)(lim;0)(lim
0

 

Unlike the normal  ( 0k ) distribution where the most probable 

value of a random variable X coincides with the expected value 

Xk mm 0 , distributions of type (2), where 0k , expected value km  is 

shifted relative to the most probable value kix , ,as a value of a coordinate 

kxmax, , of an extremum of a function  2exp pxxk  , which is defined as 

the solution of the differential equation   0
2


 xpk kex

dx

d
i.e. the solution 

of equation
2 2

max, max,

k

k k kk x x   , where the coordinate of the 

extremum (mode) will be equal to: kk kx max, .   

  

The mean kX  of the random variable X  with a semibounded 

),0[ X  variance interval distributed by law (2) is equal to: 
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Formula (6) makes it possible to formulate a new equation for the variance 

of statistically independent variables: 
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For the first five values 4,3,2,1,0k the variance is equal to: 
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It folows from the relations (7) and (8), that in systems with dispersion, 

mean 0kX , because 0kD , since with the shifting the start of the 

origin the classical normal distribution ),( XX mN   linearly converts to  

the standard form )0,( XN  . But linear transformation of the random 

variable does not change the nature of its distribution, including the 

legitimacy of inequality 0kX  in systems with dispersion. 

Variance DX   is a fundamental concept of statistics [9]. Variance  

binds first and second moments and characterizes the intensity of 

fluctuations,  therefore the case 0XD  has no physical meaning
)

.  When 

                                                           
In probability theory, variance is a measure of dispersion from the mean, whereas in 

mathematical statistics, it characterizes the degree of dispersion of the quantitative values of 
the statistical sample relatively to the average – expected value of the square of the deviation of 

random variable from expected value. 
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the second moment of distribution characterizes dispersion relatively to the 

origin, variance -  relatively to the average value. In addition, variance has a 

dimension of the square of the random variable, so second additional 

variable X  is introduced which has the same dimension as the variable x
. From the physical point of view, variance for a deterministic value is 

absent, but in fact, in the same time, the second moment is not equal to zero. 

Indeed, the deterministic value is located at a certain distance from the 

origin, which  

is  not equal to zero, so the second moment is also not equal to zero. 

For statistically independent random variables, the equation for 

variance can be represented as: 

222

kkk XX  .    (9) 

It is known from mathematics that the relation (8) is a semicircle 

equation, if the dispersion region of a random mathematical expectation 

Xm  is unlimited  Xm , or a quaternary equation of the circle, if the 

dispersion region of a random variable is truncated  Xm0 ,  with the 

radius 
2X  the center at the origin. Therefore, in two-dimensional 

probability space, dynamic random variables form, generally an ellipse 

equal probabilities and the equation (8) is convenient to rewrite in its 

canonical form: 
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where for the distributions of type (2), relation (generalized Gaussian of 

ratio [4]).  

CONSLUSION 

Mean values 
3kX  and 

2

3kX  and dispersion equation of a random 

variable X  with distributions of probability density of Gaussian type 
2

)(
xpk

kk
kexaxf


 , ),0[,...,4,3,2,1,0  Xk  are expressed through 

elementary functions of a dispersion parameter k . Unlike the standard 

)0,( XN   distribution, moda of the distributions 
2

)(
xpk

kk
kexaxf


  is a 
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function of a scale ,...3,2,1,0k , which allows more effectively configure the 

theoretical model for the experimental data using one-parameter 

optimization.  
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Polymer electrolyte membrane or proton exchange membrane fuel 

cells (PEFC) provide a potentially clean and portable source of power. This 

is of major interest to the transport industry as well as for power generation 

at fixed sites.  

PEFC structure is complex in general case and can't be modeled by 

geometric primitives. Microlevel cellular models can be used to consider 

such structural inhomogeneities. They describe complex structure in a form 

of representative volume elements (RVE) that are three dimensional 

matrices of voxel-cells [1]. Cells contain scalar intensities conditionally in 

the range from zero to one. The components of composition are defined by 

subdiapasons of those intensities. When the number of cells is big enough, 

models can adequately describe such types of composites as composites 

with disperse filler, fibrous filler, mutually permeable components, 

functionally-graded components, laminates and all of their combinations. 

There are five main structure construction methods that can build described 

types of structures [1, 2]: scalar random field construction; random ellipsoid 

particles construction; random Bezier curve based fibers construction; 

random Voronoi diagrams based cellular structures construction; random 

transition layers construction.  

Typical cell components within a PEFC stack include [3]: the ion 

exchange membrane; an electrically conductive porous backing layer (also 

referred to as gas diffusion layers or current collectors); an electro-catalyst 

(the electrodes) at the interface between the backing layer and the 

membrane; cell interconnects and flowplates that deliver the fuel and 

oxidant to reactive sites via flow channels and electrically connect the cells. 

The polymer membrane is sandwiched between two sheets of porous 

backing media. In intimate contact with the membrane and the backing 

layer is the catalyst layer. 

Fig. 1 shows the microlevel cellular model of the proton-exchange 

membrane fuel cell, structure of which is the combination of laminate, 
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fibrous filled and mutually permeable structures. To build such complex 

multicomponent model one should apply construction methods as follow: 

 generate scalar random field in the middle of RVE that 

corresponds to microporous catalyst layers of the fuel cell; 

 iteratively generate random Bezier curve based fibers with 

different length and radius under and over random field, which 

correspond to gas diffusion layer of the fuel cell; 

 generate solid layer in the middle of RVE that corresponds to 

membrane. 

 
Fig.1 Microlevel cellular multicomponent structural model  

of proton-exchange membrane fuel cell. 

 Such microlevel model can be used in FEM simulation of physical 

processes within fuel cell to achieve more precise results because it 

provides detailed structural features. 
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INTRODUCTION 

K-winners-take-all (KWTA) neural networks (NNs) define the K 

maximal out of N inputs, where  is a positive integer [1] – [3]. 

In the particular case when K = 1, the KWTA network becomes a winner-

takes-all (WTA) network [4], [5]. WTA and KWTA neural networks are 

related with simultaneous recurrent NNs which require fulfilling iterations 

to  converge to steady-states [6]. 

KWTA NNs are used in different applications, especially, for pattern 

recognition, in processing data and signals, in making decisions, in 

competitive learning, and in parallel sorting and filtering. The KWTA 

networks are used in telecommunications and vision systems, for image 

processing, classifying, clustering, decoding, mobile robot navigation, and 

feature extraction. KWTA tools are applied for networking cognitive 

phenomena and impulse neural networks [3]. 

Various NNs have been proposed for obtaining solutions the WTA 

and KWTA problems. For instance, a design, implementation and 

verification of WTA network in a number of CMOS integrated circuits is 

presented in [7]. Continuous-time KWTA NNs realized in analog hardware 

are faster, have smaller size and larger power-efficiency comparatively to  

digital counterparts [8], [9].  

Neurons can be modelled based on impulse networks. An impulse 

can be described by Dirac delta function or by exponential decay. Trains of 

impulses and exponential decays are employed to model the potential of a 

neuron membrane. The sum of exponential decays between spikes and delta 

functions are used to describe a level of activity that averages in time the 

influences of postsynaptic spikes on the neuron. Impulse neurons are 

applied  to model psychophysical data with a laminar cortical network. 

Impulse-based computation, caused by networks of computation in the 

central nervous system, are capable to provide essential performance 

1 K N 
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 advantages comparatively to traditional methods for specific kinds of large-

scale problems [10].  

In this paper, a train of impulses defined by the sum of Dirac delta 

functions is applied in continuous-time KWTA NN. For this reason, in 

contrast to other competitors for which a trajectory of the state variable of 

the network to the KWTA operation has continuous nonlinear, continuous 

piecewise-linear or continuous linear shape, a state variable trajectory of the 

network to the KWTA operation has stepping form. Therefore, the 

theoretical speed of convergence of state variable trajectories of the network 

to the KWTA operation goes to infinity if the period of firing impulse   

approximates zero. This provides a capability of the NN to choose  

instantaneously without transient modes, the K maximal out of N inputs. 

This is the principal advantage of the network. There is analyzed an 

existence and uniqueness of the network steady-states. Computer 

simulations illustrating and confirming theoretical results are given. 

 

PROBLEM FORMULATION  

Let us consider a vector of inputs a , 

 elements of which are unknown but have finite values. The 

inputs have different values and can be disposed in a descending order of 

quantity meeting the inequalities 

,                                (1) 

where  are the unknown numbers of the first maximal input, 

the second maximal input and so on up to the Nth maximal input. It is 

required  to investigate existence and uniqueness of steady-states of the   

network that can define instantaneously without transient modes, the K 

maximal of these inputs, which are referred to as the winners. The designed 

network should process the vector of inputs a to obtain a vector of outputs  

b  such that the following KWTA property holds [1], [3]: 

                    (2) 

It should be also possible to determine the KWTA operation as 

follows [11]:  

ind 1,i 1,2,...,K; 
jnd 0, j K 1,K 2,...,N.                      (3) 

Note that in the case of using outputs (3) of the network only K 

winners out of N inputs will be determined. No information is obtained on 

the ordering of inputs by value which can be employed further, for example, 

  nT
nnn N21

a,...,a,a 

 N1


N21 nnn a...aa

N21 n,...,n,n

 Tnnn N21
b,...,b,b
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in  .N,...,2K,1Kj,0b

jn 
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for obtaining solutions of such problems as clustering, classification, etc. 

[3]. 

 

IMPULSE CONTINUOUS-TIME KWTA NEURAL NETWORK   

Consider the continuous-time KWTA NN described in [3] that is 

governed by the following state equation:  

                                            (4) 

and by output equation 

                                    (5)          

where  

                                        (6) 

is a function of difference between obtained and required quantity of 

positive outputs,  

                           (7)          

is a step activation function, 

                                 (8) 

is an impulse shaped as the Dirac delta function,  is a train of 

impulses,  is a lth time instant of firing impulses, m is a number of 

impulses necessary to reach a convergence of search process to the KWTA 

operation, and  is a resolution of  the network.  

For the continuous-time KWTA NN described by state equation (4) 

and by output equation (5), the KWTA operation (3) can be defined as 

follows: 

)x(S)x(d kk  ,                                          (9)          

where k=1,2,…,N. 

In contrast to other competitors with continuous nonlinear trajectory 

of the state variable x, the network described by state equation (4) and by 

output equation (5) presents stepping state trajectory of x. Therefore, it can  

reach theoretically any finite speed of processing inputs defined by the 

period of firing impulses. If this period tends to zero, a processing time of 

inputs of the network also goes to zero. This is main advantage of the  
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network. A practical speed of processing input vector of the network is 

limited by limitations of its software or hardware realization. In particular, a 

software realization of the network has limited computational accuracy. On 

the other hand, a hardware realization of the network, the restrictions are 

finite speed of comparator, non-idealities of integrator, mismatch, etc.   

 

EXISTENCE AND UNIQUENESS  

OF STEADY-STATES OF THE NETWORK    

We analyze the existence and uniqueness of the KWTA steady-states 

of the state equation (4) solutions. Integrating both sides of this equation 

gives  

              

         (10)      

where  

 

is a Heaviside step activation function. As the terms  and 

 of the solution (10) are finite, is finite as well. In the KWTA 

steady-states the solution (10) should meet the inequalities 

.                           (11)    

Let us rewrite the inequalities (11) in the following shape:   

                                        (12)   

where  is an integer number. There exists an integer I 

such that inequalities (12) hold under the bounds , 

 for arbitrary distinct inputs (1) and for any finite initial 

condition . This means that a constant number  exists, such that 

 
For , equality   means that 

 is a steady-state solution of the equation (4). Taking into account (2) 

and (5), it follows that steady-state KWTA outputs ,  
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k=1,2,3,…,N  of the network described by state equation (4) and by output 

equation (5) exist. This implies that  is a KWTA steady-state solution of 

the state equation (4).         

It is necessary to note that the steady-state solution of the state 

equation (4) can accept arbitrary finite value in the region  

meeting the equality . The solution  is not 

unique as this equality is satisfied for each . It follows from 

this fact that the outputs , k=1,2,…,N are also not unique. 

However, the KWTA property (2) of the network described by state 

equation (4) band output equation (5) is defined by signs of outputs  

rather than by their values. These signs are unique for any . 

Therefore, the network described by state equation (4) and by output 

equation (5) has a unique KWTA property (2).                                              

 

COMPUTER SIMULATIONS     

Let us consider example with corresponding computer simulations 

which illustrate the performance of the continuous-time impulse KWTA 

neural network described by state equation (4) and by output equation (5). 

We set the input vector a=  i. e.  

N=10, K=7, ,  and the initial value 

of the state variable . A 1.81 GHz desktop PC and Euler solver of 

non-stiff ordinary differential equations in the Simulink environment of 

Matlab program (ODE1) of the fixed-step size  are employed. 

Impulse source is realized by sequential connection of pulse generator, 

differentiator and absolute value blocks.  

Fig. 1 shows, in normalized units, the train of m=4 impulses fired 

with the period τ=0.15 ms. In Fig. 2, the dynamics of elements of output 

vector b of the KWTA NN with impulse train for ns are presented.  

As one can see from this figure, the trajectories of the network outputs 

converge to unique KWTA steady-states starting from their initial values by 

using four impulses after 2 ns.  
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Fig. 1. Train of m=4 impulses (8) fired with the period τ=0.15 ms of the KWTA NN 

described by state equation (4) and by output equation (5).  

 

 
Fig. 2. Dynamics of elements of output vector b of the network for 0.5 . 

 

CONCLUSION      

This paper describes a continuous-time KWTA NN that contains   

impulse train. The network is capable of defining K maximal among 

arbitrary finite value N unknown different inputs positioned in an unknown 

region, where . There is analyzed existence and uniqueness of 

steady-states of the network. In contrast to other comparable competitors, 

state variable trajectories of the network have piecewise-constant, i. e. 

stepping shape. Therefore, steady-state KWTA operation of the network can 

be reached theoretically instantaneously as the period of firing impulses  

approximates zero. Thus, the network can define the K maximal among N 

inputs without transient dynamics, i.e. instantaneously.  

  ns

NK1 
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For encryption of open text a special algorithm is used, the secrecy 

of the transformation of information is achieved through the use of a unique 

algorithm or key that provides each time original encryption of information. 

However, with the development of cryptography, the basic principle of 

modern encryption systems was the Kerckhoff rule, according to which the 

popularity of the opponent of the algorithm of transformation should not 

reduce the reliability of the encryption system, and its cryptostability is 

determined only by the secrecy and quality of the used cryptographic keys 

[1, 2]. Thus, without the knowledge of the secret key decryption should be 

practically impossible, even under a known encryption algorithm. 

Symmetric cryptosystems can be implemented on a variety of secret 

key encryption algorithms (standards) that can be split into block and 

streaming. As a rule, modern symmetric cryptosystems are represented by 

such well-known standard as DES and Rijndael (USA), which is a block 

cipher [3]. 

In practice, hybrid cryptosystems are effectively used, combining 

elements of symmetric and asymmetric cryptosystems and, accordingly, 

inherent in their properties: for symmetric methods of encryption, high 

speed and short cryptographic keys; for asymmetric, the possibility of an 

open and secure distribution of encryption keys [4]. 

In the hybrid cryptosystem, public key encryption is used to encrypt, 

transmit and further decrypt only the secret key of symmetric encryption, 

which is directly used to encrypt transmitted messages (plaintext). Thus, the 

asymmetric cryptosystem harmoniously complements the symmetric 

cryptosystem, providing a simple and safe distribution (transmission) of 

secret key encryption. The generalized scheme of the hybrid cryptosystem 

is shown in Fig. 1 

mailto:tiger_oles@i.ua
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Fig.1 Scheme of the hybrid cryptographic system. 

 

The secret communication protocol (transmission of a secret 

message) between subscriber A (sender) and subscriber B (receiver) may be 

as follows: 

1. Subscriber B generates open (k1) and closed (k2) keys for 

asymmetric encryption, and transmits the public key k1 to an open 

(accessible, unprotected) communication channel of subscriber A. 

2. Subscriber A generates a session-secret cryptographic key for 

symmetric encryption and encrypts for it the secret message (open text) m 

to be transmitted. 

3. Subscriber A encrypts the session secret cryptographic key on the 

public key k1. 

4. Subscriber A transmits an open communication channel to the 

user's address in an encrypted message (encrypted message) cryptogram 

with a cryptogram of the secret cryptographic key k used to encrypt this 

message. 
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5. Subscriber B decrypts the closed secret key k2 session secret 

cryptographic key, which decrypts the cryptogram of the message m. 

To increase cryptographic stability in the hybrid cryptographic 

system, each secret link session (encryption of a new message) generates its 

own secret key for symmetric encryption called sessional. 

The choice of the size of cryptographic keys for symmetric and 

asymmetric encryption is carried out in such a way that their potential 

cryptantability to the attack by the method of full overview of possible 

options was comparable. 

If the open and closed asymmetric encryption keys are used 

repeatedly (for a long time), then their cryptographic stability should be 

substantially higher than that of the session secret key of symmetric 

encryption, since when they are disclosed (discredited), the opponent will 

have the opportunity to decrypt the secret keys transmitted to the session 

and, accordingly, , encrypted messages on them. 

In tabl. 1 shows the lengths of the keys of symmetric cryptosystems 

that have difficulty disclosing by the method of full-fledging, which can be 

compared with the difficulty of factorizing the corresponding modules of 

asymmetric cryptosystems. 
TABLE 1 

LENGTH OF KEYS OF SYMMETRIC CRYPTOSYSTEMS 

Key length symmetric 

cryptosystem, bit 

Module of an asymmetric cryptosystem, bit 

56 384 

64 512 

80 768 

112 1792 

128 2304 

192 5184 

256 9216 

 

Most hybrid systems work this way. For a symmetric algorithm 

(3DES, IDEA, AES, or any other), an occasional session key is generated. 

This key usually has a size from 128 to 512 bits (depending on the 

algorithm). Then a symmetric algorithm is used to encrypt the message. In 

the case of block encryption, you must use an encryption mode, which will 

allow you to encrypt messages with lengths that exceed the length of the 

block. Regarding the most accidental key, it should be encrypted using the 

public key of the recipient of the message, and it is at this stage that an 

open-source cryptosystem is used (RSA or Diffie-Hellman algorithm). 

Because the session key is short, its encryption takes a bit of time. 
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Encrypting a message set using an asymmetric algorithm is a 

computationally more complex task, so it is preferable to use symmetric 

encryption here. Then it's enough to send a message encrypted by a 

symmetric algorithm, as well as a corresponding key in an encrypted form. 

The recipient first decrypts the key using his secret key, and then, with the 

help of the received key, receives all messages. 

Extended hybrid encryption uses two pairs of asymmetric keys and a 

pair of symmetric ones. By passing one key one by one in an encrypted 

form, the overall stability of the cryptosystem increases. 

Step 1. The first asymmetric key sends through the Internet in 

unencrypted form. 

Step 2. Send second asymmetric key encrypted with key in step 1. 

Step 3. Sending a symmetric key encrypted with the key in step 2. 

Step 4. Use the symmetric key in step 3 to encrypt and decrypt the 

information. 

All these actions are done with only one purpose - to make the evil 

cipher impossible or inappropriate. 
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The semi-active DVA uses control to adjust the device configuration 

based on the actual structure of the vibration. As is typical for structural 

control, there are many types of devices and management laws, some of 

them are more realistic than others of varying degrees of complexity [1,2]. 

A considerable number of practical implementations of semi-active DVA’s 

can be found in the literature, some of which are described in details. A 

more detailed description of the control algorithms are described in [3], by 

dividing them into two groups. Some of them are based on strategies that 

constantly change the parameters of the DVA in dynamic mode, and the 

other - on the ON / OFF control strategy. The latter option, though not as 

impressive as the first one, tends to result in algorithms that are simpler, 

more realistic, and easier to implement. 

There is a wide application for optimization found algorithms of 

random search, namely genetic algorithms (GA). The issue in solving this 

kind of problems is the directing the computer sciences, termed as Artificial 

Intelligence. For application of GA mathematical models should adequately 

reproduce the exact dynamic processes in machines and structures with 

DVA. The following basic requirements must be met: 

1. Adequate reproduction of dynamic processes in structures. 

2. To include in the set of calculation parameters the determining 

design and technological parameters.  

3. To be adapted to the next transformation into machine codes (there 

is somewhat absurd idea that designs should be designed not only on the 

basis of their functional characteristics, but also on the requirements of their 

maximum simplification, from the conditions of their simplest mathematical 

modeling). 

4. Interact with known software application packages of computer 

design and computer-based production training. 
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5. Have an information correlation with world-wide patent 

knowledge bases (for example, from espacenet.com) and with accessible 

"open" software on the Internet.   

In our optimization method we use genetic methods that give a 

sequence of points of parameters that coincide with the optimal value. The 

criterion of robustness is the convexity of these maps in the vicinity of the 

optimum. We shall also investigate the efficiency of different control rules in 

the classical case in the vicinity of the resonance. Just like outside the 

resonance zone, the ON-OFF control is effective only (Fig. 1). Other 

management is just a bit better than an uncontrollable process. 
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Fig. 1. The efficiency  of different control rules in the vicinity of the resonance. 

 

Various types of DVA control: skyhook (different types), ON-OFF, 

are investigated. It has been found that ON-OFF control is effective only 

when relative speed measurement of the DVA and of the displacement of 

the basic design is performed (Fig. 1).  
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Magneto-rheological viscose elastomers (IRVE) are used in layered 

plates to control vibration. It is important to predict the dynamic 

characteristics of such elements, in particular the values of dynamic rigidity 

and energy dissipation - damping controlled by the applied magnetic field. 

Dynamic characteristics of layered plates, consisting of rigid layers 

and internal layers with magneto-rheological (MR) properties, are 

considered. The influence of the magnetic field on the frequency and the 

coefficient of losses for different MR’s of fillers and external layers of rigid 

materials and with different fixing of the plate is considered. A new method 

for accurate determination of dynamic properties determination in 

multilayered plates with cylindrical bending is presented. This method is 

adaptive and not based on rigorous assumptions about the model of the 

plate. The refined theoretical model describes the deformation of each 

layer, which takes into account the effects of transverse shear deformation, 

transverse normal deformation and nonlinear displacement changes along 

the thickness coordinate. 

To determine the characteristics of layered compositions, various 

numerical schemes are used, which are usually closely correlated with 

known numerical models of the dynamics of composite layered plates. To 

study the dynamics of thin-walled elements, theories of increasingly high 

order are used. An important task is to determine the damping properties of 

structural elements, in particular thin-walled layered elements. In this 

paper, an adaptive algorithm is used on the basis of generalized kinematic 

approximations and the classical Galerkin method for the system of 

equations of linear theory of elasticity [1-4]. 

In order to determine damping in layered structures, "unified" 

calculation schemes are proposed in which the order of equations is not 

limited (an arbitrary number of approximations in the thickness of each 

layer of a plate is considered). The verification of this model with FEM is 

presented. On the basis of the specified calculation schemes, the influence 

of the magnetic field in the layered beam on its frequency spectrum and 
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damping is determined. A number of beams with different materials of MR 

and hard layers are considered: aluminum, copper, composite. The material 

of the MR layers is considered in four types. The first three are materials 

with frequency-independent parameters, the fourth one - with modules 

depending on the frequency and intensity of the magnetic field. Considered 

a cantilever and freely lined beam. Type 1 material is the least rigid and has 

the most damping, especially at higher frequencies. Materials type 2 and 3 

are similar in properties and give similar dynamic characteristics for all 

types of beams with different hard layers. For material of type 4 - MRF 

132DG comparable dynamic characteristics for three and five-beam beams 

is made. The five-layer beam has a slightly more damping from the three-

layer material with similar distribution (the total thickness of MR layers and 

rigid layers is the same) at small magnetic fields. 
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INTRODUCTION 

 

Studies of heat transfer and hydrodynamics of separated currents 

have great practical importance. Such currents occur during flowing around 

depressions of various shapes and those are one of the most relevant and 

interesting areas of fluid mechanics. 

Usage of heat exchange surfaces with depressions gives energy 

advantage. Often the increase in heat transfer caused by the usage of 

depressions is goes with a slight increase in hydraulic resistance. For 

example, in studies of flow in channels with intensifiers in the form of 

spherical depressions, which were made in works [1-3], it has been 

experimentally established that heat exchange surfaces with semi spherical 

depressions allow a significant increase (by 1.5-4.5 times) in heat exchange 

at a moderate growth in the hydraulic resistance. 

Inside and near spherical depressions occur large-scale dynamic 

vortex structures, which can be observed in a wide range of flow regimes. A 

series of contributions exists, in which are reviewed numerous aspects of 

vortex formation in spherical depressions, when impacted by the wide range 

of factors [4-8].  

Although the large number of studies devoted to the review of 

problems of surfaces with spherical depressions has been published, several 

questions remained unanswered. 

This caused by the complexity of the phenomenon, which is being 

impacted by velocity and the defining temperature of the flow; the latter in 

turn determine the values of the selected physical parameters. 

Basic methodology of numerical simulation of hydrodynamics and 

heat transfer in a channel with discrete roughness, was reviewed in 

publication [9]. 

The purpose of this work is using numerical simulation methods to 

analyze the hydrodynamics and heat transfer in a channel with 

intensification in the form of a semi spherical depressions.  
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SOLUTION OF THE EXAMINED PROBLEM 

Computer simulation was performed using the selected package of 

CAD/CFD programs SolidWorks/FlowSimulation.  

In the CAD program SolidWorks, was constructed three-dimensional 

computing model of discretely roughed pipe with the following dimensional 

characteristics: Inner pipe diameter db = 0.018 m, external diameter dout = 

0.022 m, length L = 1.6 m.  

As a discretely rough surface in the pipe were chosen spherical 

depressions (dimples) with sharp entrance and exit edges located in the in-

line order with the pitch ratio between the dimple axes S/h = 10 and the 

dimple position angle φ = 120 °. 

Following boundary conditions were set: at the pipe inlet – flow 

velocity range Vinlet = 0.3; 0,6 and 0,9 m/s with fluid temperature tinlet = 

20°С. Initial Reynolds numbers are Reinlet = 5000, 10000, 16000.  At pipe 

outlet: pressure Рoutlet = 101235 Ра. The channel walls have physical 

properties of aluminum and are heated up to the temperature twall=105°С. 

Fluid flow is turbulent. For the mathematical simulation of the medium 

motion and heat transfer are used the non-stationary equations of Navier-

Stokes: the energy equation (the first law of thermodynamics) and the 

equation of state [10-11].  

For turbulent flows, the initial equations are averaged by the 

Reynolds method taking into consideration additional intensity caused by 

turbulent fluctuations of the parameters [11]. 

Incomplete system of equations, which was obtained based on 

above, is closed with the assistance of additional equations for the kinetic 

energy of turbulence - k and the dissipation of turbulence energy - ε in 

accordance with the well-known k - ε model of turbulence [11]. 

For the numerical solution of the problem, the initial system of 

nonstationary Navier-Stokes equations with additional equations describing 

the turbulent transfer is discretized in terms of space in the computational 

area and time. 

As a result, the entire computational area is covered by a 

computational grid: the size and number of grid cells are determined by the 

user or automatically. 

The finite volume method is used to discretize the differential 

equations and solve the resulting system of algebraic equations in the 

FlowSimulation program. 

To gain the satisfactory accuracy of the solution results in this work 

were required about 1,000,000 to 1,200,000 liquid and solid elements 

depending on the type of the problem.  
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RESULTS AND DISCUSSION 

Based on the results of numerical calculation was considered 

movement of a liquid in longitudinal section, on a site of discretely rough 

channel in the field of depressions. 

The flow of liquid moves along a smooth channel with a constant 

velocity V. Reaching the inlet edge of the depressions, the flow moves 

without changing direction of its motion. And when the fluid flow reaches 

the outlet edge of the dimple, it turns back around dimple, forming the so-

called vortex. Then it turns back to the outlet edge, while still retaining its 

full energy. 

It is important to note, that at slowdown of returnable flow along a 

wall dimple the liquid heats up, before this current will get in area of the 

mixed flows. 

The obtained result of numerical simulation does not contradict the 

experimental studies carried out in the publications [10]. 

 
Fig.1. The dependency graph of the local velocity of fluid flow against 

the radius of the channel. Circle-Vinlet = 0,9 m/s, square - Vinlet = 0,6 m/s, 

triangle -Vinlet  = 0,6 m/s. 

 

A complex vortex structure exists in the dimple. As a result, velocity 

decreasing in the bottom of the dimple (near the wall). When current 

receding from the walls its velocity suddenly increases, and upon 

approaching the center of the vortex, the velocity decreases When moving 
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further from the center of a vortex in dimple outlet direction, sudden  

increase fluid flow velocity is observed once again. However near to the 

channel axis, the flow velocity is not affected by significant changes. 

The readings were taken at the set points, along the radius of the 

direct channel and the dimple. The breakdown of the local velocities of the 

flow at the points under consideration are shown in Fig.1. 

 
Fig. 2. the graph shows of the temperature dependency on the radius. Circle-Vinlet = 

0,9 m/s, square - Vinlet = 0,6 m/s, triangle -Vinlet = 0,6 m/s. 

 

The obtained results of temperatures breakdown show, that in area 

dimples the liquid heats up more intensively at lower velocity of the 

currents (see fig.2).   

At the outlet of the dimples thermal layers begin to mix with other 

currents and liquid temperature begins to decrease. Insignificant 

temperature changes are observed closer to the axis of the channel, which 

can be explained by the fact, that near the axis of the channel less intensive 

mixture of the liquid layers takes place. The graph of the temperature 

dependency on the radius is shown in Fig. 2. 

The intensity of heat exchange which is described by dimensionless index 

of heat exchange Nu (Nusselt number), was defined by the formula (1):  
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where, Nu1 – heat exchange coefficient, Pr (Prandtl number) – index of 

liquid and wall; Pr =Сp/λ, were СP – thermal capacitance at constant 

pressure, λ - thermal conductivity index,  – dynamic viscosity index.  

Reynolds number included in equation (1) is determined by the formula (2):   

                                                  


 rV 
Re                                (2) 

where, Re - Reynolds number, r – radius (m), V – velocity of fluid flow,  – 

dynamic viscosity index, ρ1,2 – density of the flow.  

All parameters included in the equation (1, 2) were obtained based 

on the results of numerical calculation in the set points. 

The analysis of the obtained results indicated, that the Pr (Prandle 

criterion), which characterizes the physical properties of the liquid, included 

into Equation (1), does not have a significant impact on the value of the Nu 

(Nusselt number). 

Nu (Nusselt number) is mostly impacted by the velocity parameter 

included in the dimensionless Reynolds number due to the vortex 

formations in the dimples.  

With an increase in the flow velocity in a channel with a discrete 

roughness in comparison to a smooth one, the Nusselt number increases for 

more than 20%. The results of the calculation are shown in Fig. 3. 

 
Fig.3. Graph of dependency of Nusselt number versus channel radius. Circle-Vinlet = 

0,9 m/s, square - Vinlet = 0,6 m/s, triangle -Vinlet = 0,6 m/s. Straight lines are the 

average Nusselt number in a smooth channel for the considered flow velocity. 



40 

CADMD 2018, October 19-20, 2018, Lviv, UKRAINE  

CONCLUSION 
In the work conducted the Numerical simulation of hydrodynamics 

and heat transfer in a round channel with a discrete roughness made in the 

form of semi spherical dimples.  

Based on the obtained calculated data is determined the Nusselt 

number, which characterizes the dimensionless index of heat exchange.     It 

is shown that the heat exchange in the channels under consideration 

depends on the presence of the reverse flow currents zones formed in the 

dimples. 

Assessment of results for the smooth and discrete rough channels 

showed, that with the flow velocity increase in the discrete rough channel 

the Nusselt number increasing by more than 20% in comparison to the 

smooth channel. 
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INTRODUCTION 

Neural network (NN) systems used for signal and data analysis 

provide many advantages over traditional techniques. In particular, signal 

and data processing systems can be designed based on Fuzzy Adaptive 

Resonance Theory (ART) NNs. An important advantage of the Fuzzy ART 

NNs is their high performance. Such networks are characterized high 

accuracy, scalability for large datasets and capability to learn not only in 

offline but also in online modes. Moreover, Fuzzy ART NNs can correctly 

process noised data [1].  

Fuzzy ART NNs are successfully used in various applications, in 

particular, for medical data processing, pattern recognition and 

classification, and clustering [1]. Software implementation of sequential and 

partially parallel Fuzzy ART NNs can be found, for instance, in [2], [3]. 

Hardware implementation designs of the networks are presented in [4], [5]. 

In particular, hardware implementation of clustering system based on 

partially parallel Fuzzy ART NN on reconfigurable FPGA in LabVIEW 

environment is described in [5].  

In this paper, reconfigurable FPGA hardware architecture of memory 

blocks is designed for partially parallel Fuzzy ART NN. Results of 

presented simulations show that parallel memory blocks used is capable to 

operate much faster than their sequential counterparts. 

 

HARDWARE IMPLEMENTATION  

ARCHITECTUREOF MEMORY BLOCKS   

In order to design hardware implementation architecture of memory 

blocks, we employ National Instruments LabView environment and Real-

Time Single Board RIO sbRIO-9637 as hardware and software tools. The 

basis of the platform used is reconfigured FPGA integral circuit with 40 

mailto:sha_ser@ukr.net
mailto:pavlo.v.tymoshchuk@lpnu.ua
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 MHz operation speed, 48 programmable analog input-output channels, and 

60 programmable input-output channels. The software provides a possibility 

to perform hardware simulations with high accuracy.  

The architecture consisting of two independent modules, in 

particular, the FPGA module and host module is presented in Fig. 1. The 

FPGA module contains two physically independent memory blocks VI-

Memory_1 and VI-Memory_2 and three independent operational channels 

used for performing reading and writing operations. Auxiliary elements in 

this module are Tick Count and Iteration Count used for accurate time 

measurements, analog output interface employed for data communication 

and transmission, logical if-case operation used for precise limiting of read 

and write operations. The FPGA module, in which two independent blocks 

of memory and three channels are implemented, operates in parallel access 

mode and performs operations of writing and reading. 

 
Fig. 1. Block diagram of FPGA module. 

 

The host module, shown in Fig. 2, is used for simulation in the mode 

of sequential access to memory. As it can be seen in Fig. 2, the host module 

is presented as one- dimensional block and grid. The host module has peer-

to-peer interface used for communication with hardware built based on 

sbRIO-9637 that is used for time measurements and defining speedup in 

parallel operation mode. 
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Fig. 2. Block diagram of host module. 

 
Simultaneous operation of the FPGA module and host module 

provide writing and reading data in partially parallel Fuzzy ART NN. 
 

COMPUTER SIMULATIONS  

Consider example of computer simulations of hardware 

implementation of the FPGA module and host module. For this purpose, 

corresponding code of high-performance language of graphical computing 

G of National Instruments and IBM PC based computer system are 

employed. Timings are set on a dual-core 1.7 GHz Intel Core i5 with 8GB 

RAM [6]. The main memory block contains sinusoidal signals generated as 

floating-point data (Fig. 3), initial address of the block 0x00, and final 

address 0x1024. Each output signal of the first memory block is modified 

by determining its smallest value, inversion and recording the obtained 

signal in the second memory block. The reading, processing, and recording 

of one point of sampled signal are performed in the first computing clock. 

The results obtained in parallel memory mode are presented in Fig. 4. 

Since the architecture described above consists of two independent 

modules one can determine not only time characteristics but also quality 

and accuracy of performed operations. The results obtained in memory 

mode operation are shown in Fig. 5.  
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Fig. 3. Data set generated in main memory block. 

 

 
Fig. 4. Updated data set stored in parallel memory block without with defining  

smallest signal. 

 

The time characteristics obtained by using different sets of input data 

[2] are presented in Table 1, where Cs is a number of cycles obtained for 

sequential read\write operations, Cp is a number of cycles obtained for 

parallel read\write operations, Ts is an operation time in sequential mode 

(ms), Tp is an operation time in parallel mode (us). As it can be seen in  

Table 1, the time characteristics are differed depending on a structure of the 

initialized memory block. On the other hand, the change of time 

characteristics matches well to one of the Fuzzy ART NN described in [5]. 

The schematic memory blocks of Fuzzy ART NN designed by specialized 

software are suitable for testing on both real signals and data sets obtained 

from available repositories. 
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Fig. 5. Updated data set stored in sequential memory block without determining  

smallest signal. 

  
TABLE 1 

RESULTS OF SIMULATIONS OF MEMORY READ\WRITE OPERATIONS IN SEQUENTIAL         

AND PARALLEL MODES 

№ Data Size Cs  Cp Ts (ms) Tp (us) 

1 10x1000 7 5 1.704 7.1 

2 50x1000 11 7 11.501 18.1 

3 100x1000 16 10 38.673 41.651 

4 500x200 23 13 41.569 41.1 

5 1500x67 31 16 43.137 42.317 

6 6500x15 41 20 32.133 21.1 

8 10000x10 52 27 55.373 41.1 

 

According to the results of simulations, the parallel memory used for 

partial parallel Fuzzy ART NN is capable to operate up to 10
3
 times faster 

than its sequential counterpart. Thus, the parallel memory can be 

recommended to use for hardware implementation of partial parallel Fuzzy 

ART NN.  
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INTRODUCTION 

 

MEMS devices are one the most developing branch in the world. 

The most popular devices are accelerometers as they are used in many 

applications like remotely operated vehicles, industrial, defense sectors and 

in many portable consumer electronics. MEMS accelerometers are 

replacing traditional one due to its benefits of low cost, small size and high 

power efficiency. Therefore, the market grow of accelerometers is strongly 

visible for many years and one predicts growing trend. 

Accelerometers are one of the oldest  MEMS sensors but the 

principle of operation remains still the same, even the design is completely 

different [1]. They uses the inertia force that appears due to applied 

acceleration. The main parts are a fixed frame and a movable proof-mass 

that displaces under applied inertia force. This mass is connected with the 

frame by springs. Next, this displacement is converted into electrical signal. 

The most popular is capacitive transduction [2]. In the structure the 

capacitor is formed and its capacitance is sensitive to proof-mass 

movement. Typically, Z-axis accelerometers are based on parallel plate 

capacitor and XY-axis accelerometers are based on comb-drive capacitors. 

The key is to design the sensor that can be used in specific application and 

fabricated using required technology. 

Our project requirements forces us to use a MEMS technology that 

does not allow to form parallel plate capacitor and only comb-drive 

structure can be fabricated. In this paper, we describe how the Z-axis comb-

drive accelerometer operates and how to effectively design such structure. 

Then, we model such structure in MEMS+ software and we perform all 

necessary simulations in order to obtain mechanical and electrical behavior. 

Finally, the sensor is compared with similar XY-axis accelerometer in term 

of performance and we show advantages and disadvantages of using comb-

drive structure in measuring acceleration in Z-axis. 

mailto:cezary.maj.1@p.lodz.pl
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DESIGNING OF ACCELEROMETER 

MEMS accelerometers uses a proof-mass suspended with springs 

attached to a frame as shown in Fig.1. 

 
Fig.1 Lumped model of an accelerometer. 

 

Taking into account the damping effect due to the fact that the sensor 

operates in some medium, the mechanical behavior in time domain of such 

structure can be described as follows [3]: 

    

2

2x

x x
ma m b kx

t t

 
  

 
  (1) 

where m is the mass of proof-mass, ax is the acceleration, b is the damping 

coefficient, k is the springs stiffness and x is the displacement. This equation 

is valid for one axis but it can be also applied for other axes. The sensor is 

designed in the way that the mass of proof-mass and springs stiffness 

provide [4]: 

 high resonant frequency to eliminate transmissibility loss in 

operating range (see Eq.2) 

 high sensitivity obtained by large deflection of the sensing part 

(see Eq.3) 

 linear response to simplify the read-out circuit [5] 

    0
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m
              (2) 
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where Δ is the beam deflection, F is the applied force, E is the Young’s 

modulus, I is the moment of inertia [6] and l, b, h are the beam dimensions 

(length, width and thickness, respectively) in corresponding plane. Note, 

that all above mentioned requirements lead to difficult optimization due to 

opposite dependencies. 
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Knowing the design methodology, now we will try to explain how to 

measure the acceleration in Z axis. Note, that we are limited by lack of 

cavity electrode. Thus, we have to use a comb-drive accelerometer. A 

typical structure contains a suspension that allow the mass movement in XY 

plane. Unfortunately, it is insensitive to forces in Z axis. Therefore, the 

mass or suspension have to be redesigned. First, assume that we redesign 

the suspension to obtain the sensitivity in Z axis. Beam thickness becomes 

equal to active layer thickness (30 µm in our case). It is much larger than in 

case of sensing in XY plane. Moreover, the deflection is dependent on 

thickness in cube (Eq. (3)). Thus, the sensitivity will be much smaller 

because it is not possible to compensate it with other beam dimensions. 

Furthermore, such suspension design does not allow to determine the 

direction of acceleration. All combs will move in the same direction, so the 

capacitance will always decrease with proof-mass displacement. Therefore, 

some other solution is required. 

As observed above, the structure has to be designed is such way that 

the combs will move in opposite direction. It can be obtained with 

asymmetric proof-mass. Then, the inertia forces will be different for each 

parts of the proof-mass providing its rotation. The axis of rotation will be 

located in the line of suspension anchorage. In order to obtain the same 

output signal from both combs, they have to be located in the same distance 

from the axis of rotation. Therefore, the mass asymmetry must be obtained 

with a hole in one part of a symmetric proof-mass (Fig.3). To detect the 

direction of acceleration, one has to design the combs that give different 

output signal with its direction of movement. Thanks to the XFAB 

technology [7], it is possible to fabricate standard fingers (thickness of 

membrane wafer thickness) but also thinned fingers (lower thickness). 

Then, the comb moving in one direction causes the decrease of capacitance 

because parallel surface of fingers is smaller. The second comb moving in 

opposite direction remains between thicken fingers and the capacitance 

remains the same (Fig. 2). 

 
Fig.2 Combs displacement due to asymmetrical proof-mass. 
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Above-mentioned structure can be described with following 

mathematical equations. When acceleration is applied, the inertia force acts 

on the proof-mass. Due to mass asymmetry, we can divide it into two parts 

in the line of axis of rotation. Because these parts have different mass, the 

inertia force is also different. In simplification, the forces equal to F1 acting 

on both parts of the mass cause its movement in Z axis. The remaining force 

equal to ΔF=F2-F1 acting on one part of the mass causes its rotation. 

Therefore, the torque T can be calculated as follows: 

  ( )zT F r x a r x x y z                   (4) 

where r(x) is a distance of a small piece of the mass from the axis of 

rotation, az is the acceleration in Z axis and ρ is a density of the mass. Note, 

that the torque should be calculated only for these part of the mass that are 

asymmetric. 

Knowing the torque, one can calculate the angle of rotation. In our 

case, the suspension contains two beams in the line of axis of rotation. The 

thickness of the beams is equal to 30 µm. Thus, according to the Eq. (3) the 

deflection in Z-axis due to the force F1 will be negligible (thickness in cube) 

and only a rotation of the mass will be observed. The angle of rotation can 

be calculated as follows [6] (note that in our case h>b): 
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           (5) 

where G is the modulus of rigidity and K is the moment of inertia of 

noncircular beam cross section. In order to obtain sensitivity as high as 

possible, the suspension should provide high angle of rotation. Therefore, if 

the suspension consist of two beams, its length should be large and K factor 

should as small as possible. The first condition is obvious, the only limit are 

the technology and sensor dimensions. The second condition leads to the 

beams with width as small as possible (the thickness comes from membrane 

wafer and is equal to 30 µm). Finally, the sensor model was built in 

MEMS+ software (Fig.3) and its dimensions are presented in the Table 1. 
 

TABLE 1 

ACCELEROMETER DIMENSIONS 

 length width 

Sensor 765 µm 953 µm 

Proof-mass 400 µm 800 µm 

Spring 200 µm 2,6 µm 

Finger 140 µm 2 µm 

Structure thickness 30 µm / 20 µm 
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Fig.3 Z-axis accelerometer model in MEMS+ software. 

 

SIMULATIONS AND RESULTS 

First, the modal simulation is performed in order to obtain the 

behavior of the sensor in frequency domain. The results are presented in 

Fig.4. As one can see the first resonant frequency is about 2.9 kHz and this 

mode includes the rotation of the proof-mass in operating plane. Therefore, 

the operating frequency should be smaller to avoid reduction of output 

signal amplitude. The second mode occurs for 4.9 kHz and the proof-mass 

moves in XY plane. The third mode occurs for 6.3kHz and the proof-mass 

rotates in XY plane. Additionally, AC analysis was performed to plot the 
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sensor response (proof-mass rotation) in frequency domain. The results are 

presented in Fig.5 wherein the magnitude of displacement is plotted. Note, 

that the sensor has two resonant frequencies. In order to proper output 

signal processing, the readout circuit based on modulation technique should 

use other frequency. 

The main simulations refers to the output signal given by the sensor. 

In our case, two capacitors are used. The first one is located on combs 

located on the left side of the sensor, the second one is located on the 

opposite side. The simulation was performed for acceleration in range of -

10 g to 10 g. The results are presented in Fig.6. As one can see, the initial 

capacitance is equal to 1.5 pF and is the same for both capacitors. As 

expected, with increase of acceleration the capacitance of the first capacitor 

decreases. In our case, the slope is about -0.35 fF/g. Unfortunately, the 

capacitance of the second capacitor is not constant. It can be explained with 

fringe fields effect. Note, that at initial positions one of the combs edges are 

in the same line. When, the inner fingers (thinned) moves deeper into outer 

comb, the distance of fringe fields decreases until inner fingers reach the 

middle point. With further movement, the relationship become inverse. It is 

presented in Fig.7. However, this effect does not influence the sensor 

operation. In order to extract the acceleration, only capacitance decrease is 

important. Knowing the initial capacitance, we can simply ignore this 

capacitance increase. 

It is very important to compare such structure with typical XY-axis 

accelerometer. In our previous work, we designed such accelerometer with 

area comparable to these for analyzed [2] (scale factor 1.5). Note that Z axis 

accelerometer contains less fingers because the mass asymmetry cause that 

some part of the sensor surface is unused. Moreover, the structure thickness 

is relatively high and influences negatively on degree of beams twisting. 

Therefore, the initial capacitance more than 2 times smaller and the 

capacitance change is 18 times smaller (note that in XY-axis accelerometer 

all combs are used). The first resonant frequency is about 2 times smaller. 

All compared parameters are presented in Table 2. 

 
TABLE 2 

ACCELEROMETERS COMPARISON 

 Z-axis XY-axis difference 

Area [mm
2
] 0.729 0.956 1.32 

1-st resonant frequency [kHz] 2.9 5.7 1.96 

Initial capacitance [pF] 1.15 3.24 2.82 

Capacitance change [%/1 g] 0.023 0.42 18.3 
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Fig.4 Eigenfrequencies of the accelerometer: 1st (left), 2nd (middle), 3rd (right). 

 
Fig.5 Sensor response in frequency domain. 

 

 
Fig.6 Capacitances vs applied acceleration. 

 

 
Fig.7 Fringe field effect on capacitance. 
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CONCLUSIONS 

In this paper, the design and simulation of Z-axis MEMS 

accelerometer have been presented. First, the conventional design process 

of MEMS axis accelerometer has been described. We showed how XY-axis 

accelerometers use comb-drive structures and how Z-axis accelerometers 

use parallel plate structures. Next, required technology has been applied that 

forced us to use a comb-drive structure in our design. In order to measure 

the acceleration in Z-axis, the asymmetric proof-mass has been applied. 

Moreover, the thinned fingers has been used in order to measure the sense 

of acceleration. Finally, the designed structure has been modelled and 

simulated in MEMS+ software. Modal and DC analysis has been performed 

in order to obtain the sensor performance. The structure has been also 

compared with XY-axis accelerometer of comparable dimensions. The Z-

axis accelerometer has worse performance due to smaller displacement of 

the proof-mass. We have obtained that XY-axis accelerometer has about 3 

times higher initial capacitance and its change is 18 times higher. 

Nevertheless, the main advantage of such Z-axis accelerometer is the 

possibility of fabrication of 3-axis accelerometers on one wafer using X-

FAB technology. 
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INTRODUCTION 

 CAx applications field is unlimited and can help structural engineers and 

designers in any production industry to develop products better and faster. 

But using these systems is a very time-consuming process, requiring special 

knowledge and high qualification of employees in various fields of 

engineering. In case, when CAE is used to perform engineering calculations 

at the design of the product, it is necessary not only to have data about its 

parameters of the product, the loads acting on it, but also to understand how 

it is better to represent this object as a model for obtaining a result of a high 

level of accuracy.  

A large separate class of calculated physical models is reinforced 

shells, which are used to model frames: ships, aerospace, railroad and 

automotive technologies. However, this models class representation from 

the point of view of FEM is possible in completely different ways: beams, 

beam and shells, only shells or solid models (e.g. Fig.1). Obviously, the 

results of calculating the stress-strain state of all these models will not be 

identical. Accordingly, there a problem of analyzing of used model type 

influence on the calculation results arises. 

 
Fig.1 Typical Finite Element Models of Structures Constrictions  

 

In this analysis, various approaches to the stress-strain state of I-

beam with the help of FEM are considered. The variants of a typical for 

engineering analysis submission bending beam in the form of beam, shell, 

beam and shell finite elements are addressed. To assess influence of 
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model’s finites elements type choice on final calculations accuracy, 

simulation results are compared. 

ANALYTICAL APPROACH BY THE BEAM THEORY 

To calculate the normal and shear stresses, dependencies obtained in 

beam theory in the elastic approach are used. 

Normal stresses at arbitrary point of the cross section are directly 

proportional to the values of the internal bending moment and the distance 

from the neutral axis and inversely proportional to the moment of inertia of 

the cross section about the neutral axis: 
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where M − internal bending moment; 

P − external force; 

x − distance from beam edge to a point of interest; 

z − distance from the neutral axis to a point of interest; 

J − moment of inertia about the neutral axis. 

Shear stresses for I-beam cross section are calculated by: 
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where Q − internal force; 

zp− distance from the neutral axis to a point of interest; 

bc, bp, h, hp – parameters of the cross section presented in Fig.2; 

 
Fig. 2 I-beam cross section 
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ANALYSIS STRESS-STRAIN STATE OF THE BEAM 

The calculation was made in CAE ANSYS in the module Static 

Structural. An analysis of a number of simulations in which the beam is 

presented in the form of finite elements such as beam (Fig.3а), 

shell(Fig.3b), beam and shell(Fig.3c), solid(Fig.3d). 

    
a) b) c) d) 

Fig. 3 Schematic representation of FE models 

 

Obtained distributions of nominal stresses are shown in Fig.4 and 

Fig.5: 

 
Fig. 4 Example distributions of normal stresses in height 

 

Obtained results show, that normal stresses difference between 

analytical approach and simulation are next: beam is 1.4%; shell - 20%; 

shell and beams - 5%; solid - 0.2%. Shear stresses difference respectively 

for shells is 9.7%; shell and beams -27%; solid - 2%. 

Obviously, the results analytical approach and solid presentation 

almost coincide, because in both solution methods for objects of such form 

and dimensions are similar. Significant differences with shell model are 

explained by bigger moment of inertia. The reason is that typical simulation 

http://context.reverso.net/%D0%BF%D0%B5%D1%80%D0%B5%D0%B2%D0%BE%D0%B4/%D0%B0%D0%BD%D0%B3%D0%BB%D0%B8%D0%B9%D1%81%D0%BA%D0%B8%D0%B9-%D1%80%D1%83%D1%81%D1%81%D0%BA%D0%B8%D0%B9/schematically
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maximum detail height becomes distance between caps centers of gravity. 

Differences of shear stresses are explained by features of simulation in the 

performance combination of FE various types in the same model. 
 

 
Fig. 5 Example distributions of shear stresses in height 

CONCLUSIONS 

It should be noted, that FE type choice is defined mainly by solving 

problem nature. In the design and verification calculations different finite 

elements types are usually applied. As can be seen from results, analytical 

approach and simulation, are different. Depending on selected finite 

element to represent the model difference and how it is applied in 

simulation systematically differences in greater or lesser side appear. 

Therefore it is required to apply special features in simulating such 

problems. 
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INTRODUCTION 

One of the MEMS directions is microelectromechanical switches 

(MEMS switches) development using actuators of different operating 

principles (thermal, electrostatic and electromagnetic). They have a number 

of advantages: small sizes, high ratio of losses in the open and closed state, 

practically zero power consumption in the closed state. Ultrahigh-frequency 

capacitive MEMS switches are the most widespread. 

However, in comparison with other ultrahigh-frequency switches, 

such as electromechanical and solid-state, requirements to the MEMS 

switches increase all the time to sizes and mass reduction, transmission 

voltage and switching speed increase. This entails the actual scientific and 

technical task for new constructions development. 

MEMS membranes are the main element of the MEMS switch, 

which ensures its operation according to the given characteristics. It must 

provide high electrostatic voltage transmissions and high switching speeds. 

The main physical characteristics determining membrane behavior are 

length unit stretching, but we must take into account mass, geometry and 

material [1-2]. 

As a result, MEMS membrane promising research direction is to 

determine the design and material that will allow the transmission of high 

electrostatic voltage and high switching speeds. 

 

MEMS MEMBRANE CHARACTERISTICS  

THEORETICAL CALCULATIONS 

In the course of MEMS switches analysis it was determined that the 

most common are next membranes designs depending on the beam 

mounting type: crab-shaped, serpentine and bent type. MEMS membranes 

dimensions are selected with averaged parameter values. 

When the voltage is applied to the lower electrode, the membrane 

deforms due to the electrostatic gravity forces and descends on the dielectric 

mailto:viktoriia.bortnikova@nure.ua
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supported on electrode. Voltage efficiency depends on its transmission 

capacity, which must be determined by a reliable description of 

electromechanical deformations, voltage in the membrane and its geometric 

design [3]. MEMS switches often have problems with critical reliability. A 

typical example of such problems is the fatigue membrane and the possible 

fracture at deviation. The voltage in the MEMS switches is an important 

characteristic that needs to be taken into account and studied during 

development. 

When using a design with small deviations, implemented in most 

MEMS switches, we can describe membrane mechanical behavior using a 

linear coefficient of elasticity k (Н/м) [4-7]. Thus, it is possible to estimate 

the voltage of the switch operation and the voltage at which the membrane 

from the lower position again returns to its original position under elasticity 

force action. To do this, we neglect the influence of the dielectric layer over 

the control electrode. Membrane electrostatic gravity forces Fе and elasticity 

force Fупр should be equal and are calculated accordingly by Eq. (1) and 

Eq. (2): 

22

1

g

wH
Fe


 ,          (1) 

),( 0 ggkFef           (2) 

where Fe – electrostatic gravity forces; Fef  – elastic force; ɛ0 – 

dielectric constant (8.85∙10
-12

 (F/m)); g0 – initial distance between plates 

(1.7 (µm)); g – gap between the plates after pressing (0.15 (µm)); k – elastic 

coefficient (8.99∙10
9
 (Н/m)); H – dielectric width (crab-shaped – 55 (µm); 

bent – 60 (µm); serpentine – 32 (µm)); w – membrane width (80 (µm)). 

MEMS switch switching voltage calculation is performed by Eq. (3): 
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The voltage applied between the two electrodes creates an 

electrostatic force that leads to pulling down on the upper electrode 

(membrane). Electrostatic force is calculated by Eq. (4): 
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where А – lower electrode plane (80∙10
-6

(м
2
)). 

The gap varies with the applied voltage, and the membrane becomes 

unstThe gap varies with the applied voltage and the membrane becomes 

unstable when it drops to one third of the total gap clearance. It should be 

noted that when the membrane is on two thirds of the height of the gap, an 
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 increase in electrostatic force is greater than an increase in the turning 

force, which makes the position of the membrane unstable and bind. 

Substituting unstable position height (2·g0/3) to Eq. (3), we can calculate 

the initial configuration pulling voltage Vpull-in: 

027

8






A

k
V inpull

.   (5) 

For dynamic analysis, we evaluate the switching time tS [8]. The 

basic equation for the dynamic response of the switch is determined by 

Eq. (6): 

   

m

k
V

V
,t

pickup

s



 673                               (6) 

where V –  applied voltage; m – mass. 

The applied voltage is 1.2-1.5 times greater than the switching 

voltage, resulting in a faster switching speed. This expression shows that the 

faster MEMS switch requires that the membrane has a higher spring 

constant. To calculate the switching time for each design of MEMS 

membrane, firstly we calculate the mass by Eq. (7): 

,
g

F
m e     (7) 

where g – standard acceleration of free fall (9.8 (м/с
2
)). 

Since springs constant depends on the different parameters of force 

application, membrane rigidity and residual stress play an important role in 

determining pulling voltage. All of the above-mentioned analytical formulas 

are used specially for rectangular membranes [9]. Therefore, all other 

membranes designs should be analyzed using the finite element method. 

Also, the initial voltage effect is not taken into account when modeling 

finite elements to determine pulling voltage. 

To reduce the internal voltage, jerk effect and switching time 

increasing, the perforation of the membrane openings with a diameter of 3-8 

microns is used. The area of openings can reach up to 60% of the total area 

of the membrane. Perforation of the membrane µ is characterized by Eq. 

(8): 

,
h

l
  3       (8) 

where l – residual width ratio (crab-shaped – 4.25 (µm); bent and 

serpentine – 4.95 (µm)); h – spacing between openings (crab-shaped – 8.05 

(µm); bent and serpentine – 8.75 (µm)). 
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The openings reduce the internal voltage and reduce the Young's 

modulus in the membrane Reducing the internal voltage of the membrane ϭ 

with openings is equal to Eq. (9): 

,)1( 0σμσ  …    (9) 

where ϭ0 – membrane internal voltage without openings (50 (В)).  

The openings also serve to better remove the sacrificial layer from 

the membrane and affect the capacity in the lower position of the 

membrane, reducing it. 

Let's calculate all MEMS membrane parameters for Eq. (1)-(9) and 

write down their values to Table I. 

 
TABLE 1 

THEORETICAL CALCULATIONS RESULTS 

Symbols Numerical value Unit 

measure Crab-shaped  Bent Serpentine  

Fe 8.65·10
-7

 9.44·10
-7

 5.034·10
-7

 H 

Fef 1.4·10
10

 H 

Vpickup 32.28 29.1 56.48 V 

Felec 5.29·10
-5

 4.846·10
-5

 9.087·10
-5

 H 

Vpull-in 4.29·10
7
 V 

μ 0.528 0.566 0.566 - 

σ 23.6 21.7 V 

m 4.966·10
-10

 5.418·10
-10

 2.889·10
-10

 kg 

tS 2.85·10
-8

 1.6·10
-8

 1.31·10
-8

 s 

After conducting theoretical calculations of the pull-in voltage, 

pickup voltage and the switching time for three different types of 

membranes, the best results were demonstrated by the construction of a 

serpentine membrane that withstands the pickup voltage of the 

Vpickup= 56.48 V, switching time 1.31∙10
-8

 s and with the least mass of 

2.889·10
-10 

kg. 

Changing the characteristics of the membrane depends not only on 

the design, but also on the material from which it is made. To confirm the 

obtained theoretical results, it is necessary to conduct modeling MEMS 

membrane taking into account the material. 

 

MEMS MEMBRANE MODELING 

In the modeling, we have the opportunity to locally increase 

deformation of the electrostatic stress depending on the geometric 
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characteristics and material properties selection, which will enable us to 

identify the weak zones in the MEMS membrane.  

Therefore, it is necessary to conduct a modeling of MEMS switch 

electrostatic activation, which is a calculation of the stress-strain state under 

electrostatic force action that occurs between a metallized membrane and a 

fixed electrode located under the membrane, with applying DC voltage. 

Calculation complicated by the fact that the electrostatic force depends on 

the distance between the electrodes [10]. 

Modeling is carried out depending on material type: gold, nitride-

silicon, alloy of aluminum and the corresponding transmission capacity 

electrostatic stresses: 30 V, 50 V, 80 V [11]. The best results were shown by 

a serpentine MEMS membrane. Below are its researches results. 

Let’s perform construction full movement simulation only relative to 

the initial position and membrane behavior, depending on the selected 

material and the applied voltage (Fig. 1). To graphically represent the 

convergence process, we use the Newton-Raphson method [12]. 

Convergence is monitored by applied voltage decomposed by on sub-steps. 

To improve convergence, the load is applied not immediately 80 (V), but 

gradually in the percentage ratio. The voltage 80 (V) decomposed into 20 

sub-steps, which means that the voltage is applied approximate 3 (V), 

receiving system response. Convergence graphs results are detailed in [13]. 
 

 
Fig.1 Total Deformation (material – nitride-silicon, electrostatic stress – 80 V) 

 

The image shows the total displacement received after applying 

load 80 (V). The maximum deformation occurs in the center of the area, 

through which the electrostatic stresses is transmissed (indicated by red), 

while the minimum deformation occurs at both ends of the membrane 

mounting. Maximum deflection size was obtained equal to – 0.11296 (µm). 
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This does not exceed the distance between the membrane and the dielectric 

and less than the tolerance for membranes of this type. 

One of the best results of the structural deformation study is shown 

on Fig. 2, this allowed to detect a resistant material that can withstand the 

maximum voltage value 80 V. 
  

 
Fig.2 Equivalent Stress (material – nitride-silicon, electrostatic stress – 80 V) 

Fig. 2 show the most deformed parts of the construction MEMS 

membrane (material – nitride-silicon, electrostatic stress – 80 V), they are 

marked in red, corresponding to the value of 44.768 Mpa. Obtained value 

does not exceed the yield strength of this material 300 Мра. Simulation of 

the equivalent deformation for MEMS membrane constructions with 

different values of the yield strength of these materials has been carried out. 

The stresses exceeding the yield strength cause significant plastic 

deformation, breakage and even fracture. The results of material influence 

on voltage values are given in Table II.  

 

TABLE II 
MODELING RESULTS OF MATERIAL TYPE INFLUENCE ON VOLTAGE VALUES  

Electrostatic 

stress, (V) 

Material 

Alloy of aluminum, 

yield strength 

120 (Мра) 

Gold, 

yield strength 

20 (Мра) 

Nitride-silicon, 

yield strength 

300 (Мра) 

30 4.576  3.7445  4.328  

50 47.785  54.622  25.14 

80 156.8  56.969  92.43 

After analyzing the obtained values, it was defined that the most 

suitable material is nitride-silicon, which, at an electrostatic stresses of 80 V 

does not exceed material's yield strength deformation value.  
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The analysis for the strength calculation was performed to determine 

the dynamic response of the model under the influence of any load from 

time. The results obtained are presented on Fig. 3. 

 

 
Fig.3 Simulation of the switching speed of the serpentine membrane 

 

CONCLUSION 

After the simulation of the MEMS membrane of the switch, on the 

switching speed, we can conclude that the construction of the serpentine 

type spends less time for the responsibility (1.1111∙10
-6

 s) than is specified 

in the characteristics (1.2∙10
-6

 s). Thus, the results of the simulation showed 

that the construction of the MEMS membrane of the switch made by 

nitride-silicon material has the best results and corresponds of the 

theoretical calculations. 
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INTRODUCTION 

 

Friction welding is a widely used solid-state joining process. The 

friction welding processes can be divided for following kinds: continuous-

drive friction welding (CDFW), inertia friction welding, linear friction 

welding, orbital friction welding and friction stir welding. One of the most 

effective numerical method for structural and thermal problems is the finite 

element (FE) method. Several studies have so far been made to investigate 

the thermal problem of friction welding [1]. In this paper axisymmetric FE 

model of the CDFW has been developed to analyse a temperature field. 

 

PROBLEM STATEMENT 

A friction stage of CDFW process is considered (Fig. 1). Assembly 

of two cylindrical parts by rotational friction when applying a compression, 

constant pressure p0 generates heat at the contact zone. One part is 

stationary while the second is rotating with constant value ω0 in 

predetermined time ts. After this stage the rotation is stopped and final 

forging pressure is applied to make the weld. 

It is assumed that the properties of materials: thermal conductivity K, 

specific heat c, density  and coefficient of friction f as well as yield point 

in the tension y are temperature-dependent: 

),()(),()(),()( *
0

*
0

*
0 TTTccTcTKKTK       

)()( *
0 TffTf  , ),()( *

yy0y TT      (1) 

)(),(),( 000000 TTccTKK   , )( 00 Tff  , )( 0y0y T   (2) 

In equations (1) and (2) )(),(),( *** TTcTK  , )(* Tf  and )(y T  are 

dimensionless functions of temperature (Fig. 2), T0 is initial temperature. 
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Axisymmetric transient temperature field T(r,z,t) will be obtained 

from the solution of the boundary-value problem of heat conduction in the 

cylindrical coordinate system [2]. 

 
Fig. 1 Scheme of specimen contact in rotary friction welding (a); the finite element 

mesh near of the contact surface (b). 

 

The capacity of heat power at the interface of two specimens is sum 

of friction and plastic deformation part, as following: 

 ),,(),()1(),( pf trqtrqtrq   10  ,  (3) 

)],,0,([),( *
000f trTrfpftrq  .3/)],0,([),( *

y00yp trTrtrq   (4) 

where:  is state parameter (weighting function) denotes the share part of 

sliding and sticking mechanism in total heat generation [3]. If 𝛿 = 0 

entire heat is produced by frictional dissipation, whereas heat is 
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generated only by plastic deformations 𝛿 = 1. In this approach it was 

assumed that  parameter takes constant values in friction stage of 

CDFW process. 

  
Fig. 2 Dimensionless functions )(* TK  (solid line), )(* Tc  (dashed line) and )(* T  

(dash-dot line) [5] (a); )(* Tf  (solid line) [4], )(*
y T  (dashed line) (b) for friction 

couple AISI 1040 – AISI 1040. 
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NUMERICAL ANALYSIS AND RESULTS 

Simulation of heating in a couple during a friction process with 

parameters: f0 =0.158, p0 =75 MPa, 0 =146.6 rad/s, ts=7.45 s [4], h=40 

W/(m
2
K), 𝑇0 = 20℃, 𝜎y0 = 372 MPa using FE based software (COMSOL 

Multiphysics v. 5.2a) was carried out. The calculations were performed for 

two specimens of radius R=6 mm and length l =30 mm each, made of steel 

AISI 1040 (K0=52 W/(mK), c0=479 J/(kgK), 0=7860 kg/m
3
 [5]). 

 

 
Fig. 3 Change of the temperature T  for different values of the parameter 

depending on: friction time t for Rr  , 0z  (a); radial direction r  for 0z , 

stt   (b) [6]. 
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The effect of plastic deformation on temperature was considered. It 

was found that an increase in the parameter  leads to an increase in the 

temperature of the contact surface 0z  during the entire welding process 

(Fig. 3a). The temperature most increases on the side surface of the sample 

Rr   for stt   (Fig. 3b) [6]. 

To achieve the value of forging temperature of steel 950°CfT , 

necessary to the creation of the proper welding join, on the whole contact 

surface enough to share the heat from the plastic deformation amounted to 

20% ( 2,0 ) of the total generated heat in process (Fig. 3b). For this 

value of parameter  there were obtained: C2,959),0,0( stT , and

C5,1108),0,R( stT  [6]. 

 

CONCLUSION 

A mathematical model is proposed for investigating the temperature 

field caused by the friction welding of metals. For this purpose, an 

axisymmetric nonlinear boundary value problem of heat conduction is 

formulated with allowance for the frictional heating of two cylindrical 

samples of finite length made of AISI 1040 steel. The thermophysical 

properties of this steel, its yield strength, and the coefficient of friction 

changes with increasing temperature. The numerical solution of the problem 

is obtained by the finite element method. The influence of two mechanisms 

of heat generation on the temperature field of samples has been considered: 

due to friction on the contact surface and plastic deformation. For friction 

pair AISI 1040 – AISI 1040 value of state parameter 2,0  is the most 

suitable to obtain the correct temperature over the entire contact surface. 
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INTRODUCTION 

 

Overhead lines are one of the key elements in electrical network. 

These lines require the use of appropriate protective systems due to 

lightning threats. Increasing the strength of these lines can be ensured by 

using overvoltage protection systems. These devices have many different 

types as it is shown in [1]. To assess the effectiveness of individual types, 

start with the simulation stage. Performing a simulation in a given case is 

aimed at [2]: 

 analysis of the electrostatic field and the distribution of electric field 

intensity for various cases, 

 analyzing the processes occurring as a result of making 

modifications to improve the characteristics of the device. 

 

IMPLEMENTATION OF SIMULATION 

The simulation is started at the initial stage in a static system. The 

dynamic system requires more precision when creating a numeric model. 

On the basis of the simulation stage, you can go to the laboratory tests stage 

and on the overhead line. To perform the simulation, the numerical model 

should be properly constructed. Based on the information contained in [2], 

[3], [4], the way of creating and methods of analyzing such a model can be 

determined (Fig. 1). 

In technical issues, one of the basic methods of solving boundary 

tasks is the finite element method (FEM). The main idea of FEA is to 

convert any continuous size into a discrete model. The resulting model is 

based on a limited number of nodes that define a limited number of finite 

elements [5], [6]. 
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In the case of simulation, the following stage should be used, while 

controlling the level of these finite elements, which may eventually allow 

simulation (Fig. 2): 

 preparation of geometry, 

 assignment of physical properties, 

 determination of boundary conditions, 

 simulation implementation. 

 

 
Fig. 1. 3D model grid of  element of the surge protection system. 

 

 
 a)    b) 

Fig. 2. The number of the worst elements (10% (a) and 25% (b) from the total 

amount) of the 3D mesh of the element model of the surge protection system. 

 

In the Comsol program, the modeled electrostatic issue described by 

the Laplace equation (Eqs. (1) and (2)) and using the Dirichlet condition.  

𝐸 = −𝛻𝑉                    (1) 

𝛻 ∙  𝜖0𝜖𝑅𝐸 = 𝜌𝑉           (2) 
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Grids of different densities are used in simulations, also controlling 

the effect of changing the mesh density on the results. The grid in the most 

interesting parts of the analysis area is made much denser than for the rest 

of the model. In this case, the effect of discretization of the model on the 

results of calculations can be observed. Therefore, special attention should 

be paid to the selection of the type of finite elements. 

 

CONCLUSIONS 

The article presents a preliminary assessment of the feasibility of an 

exemplary numerical model and simulation of surge protection systems in 

electrical network. An exemplary simulation is presented based on the 

model created in Comsol. The article were presented the assumptions for 

creating such a model and the stage of implementation of the simulation. 

The authors indicate that in order to increase the efficiency of devices and 

to compare their properties, a simulation based on the finite element method 

can be used. This variant is cheaper and faster and helpful before the 

implementation of the practical part of laboratory tests. 
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INTRODUCTION 

The most common methods of encoding data in their transmission 

are divided into: 

 Linear  

 Combined  

 Matrix  

 Cascading 

Such classes of methods guarantee full reproduction of information 

after its encoding and transmission. The algorithms for balancing numeric 

matrices for encrypting and encoding data also provide the restoration of the 

information matrix to its original form. Accordingly, this encoding method 

relates to lossless encoding methods. 

 

BASIC CONCEPTS OF BALANCING MATRICES 

The balancing of the numeric matrix is the process of determining or 

accommodating the central part of the matrix and depending on the result of 

executing a clearly defined set of operations in order to transform the 

matrix. The central part may be a string, a column, or a diagonal matrix. 

The center of the numerical matrix is determined by its size, namely, the 

ratio of the number of gaps and columns. The next step of balancing is the 

analysis of numerical values contained in different parts of the matrix 

centered center. After comparing the decimal values of the two opposite 

parts, the smaller and larger parts are determined, which in process increase 

and decrease by "1" due to a certain number of iterations. 

The main types of balancing:  

 Vertical Balance  

 Horizontal balance  

 Diagonal balance  

 Cross Balancing 

mailto:bjorik@i.ua
mailto:romanandrij.ivantsiv@gmail.com
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These types of this technique of matrix transformation may include 

the possibility of using virtual strings, columns, and diagonals. 

Representation of horizontal and vertical balances: 

 
Fig. 1 One iteration of vertical balancing. 

 
Fig. 2 One iteration of horizontal balancing. 

 

In these algorithms, the center determines or sets a row or column 

that does not change, but compares and changes only the values of the 

opposing parts. 

Diagonal and cross-balance are very similar at first glance, but they 

are intended for different types of motherhood: 

 
Fig. 3 The matrices are intended for diagonal and cross-correction. 

 
Fig. 4 Perform one iteration of diagonal balancing. 

 

These types of balancing are valid for matrices with the same 

number of rows and columns, then the operation takes place diagonally. 
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COMBINED MATRIX BALANCING METHOD 

This is one of the algorithms for balancing matrices, which performs 

operations simultaneously with several of the main algorithms described in 

the article. The effectiveness of using a particular balancing algorithm 

depends on the particular type of numeric matrix. 

This type of balancing operation combines the previous algorithms, 

that is, in one matrix there will be balances on the vertical, horizontal and 

two diagonals. Accordingly, this algorithm is intended for matrices with an 

odd number of rows and columns. 

 
Fig. 5 One iteration of the combined balancing. 

 

The first matrix is the start point, in the next matrix its center is 

determined, namely the central number "7", after which all opposite parts of 

the matrix are compared and their balancing is performed once. 

 

CONCLUSIONS 

The article presents the results of the study of methods for balancing 

numerical matrices, depending on their size. The combination of these 

methods was also presented for the effectiveness of these methods. The 

combined type of balancing allows you to encrypt or encode a large number 

of matrix numbers. 
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INTRODUCTION 

 

Construction of adequate mathematical models of heat-and-mass 

transfer is of great importance for energy-, metallurgical-, chemical-, 

construction-and-building and other industries. There is no single 

phenomenological approach to mathematical modeling of heat-and-mass 

transfer processes in capillary-porous media. In the theories of drying, 

filtering the differences is of fundamental nature, although the content 

should have reflected the processes of transfer, taking into account phase 

transitions. The simulation of heat-and-mass transfer with phase transitions 

in the drying process is reduced to solving the Stefan problems which are 

the most complicated even for minor changes in the density of the material 

in the evaporation zone. As a rule, the classical representations of a single-

phase and two-phase Stefan problems [1] are considered. In these 

mathematical models, at the interface of the phases, in addition to the 

isometric conditions, the law of conservation of energy is applied, taking 

into account the latent heat. The main idea of the approach is to introduce 

an effective heat capacity which includes the heat of the phase transition. 

The application of the Dirac delta function allows the use of a single energy 

equation for the whole region. The literature concerned presents few 

alternative approaches to modeling heat transfer in media with phase 

transitions. In particular, in [5], a cellular-automaton algorithm for solving a 

one-dimensional Stefan problem for growing crystals is described. In [3], 

residual Boltzmann equations are used. As a rule, problems with phase 

transitions do not have exact solutions. Therefore, approximate analytical 

and numerical methods are widely used. 

mailto:sokolowskyy@ukr.net
mailto:gayvas-b@gmail.com
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PROBLEM FORMULATION AND THE RESULTS OF THE STUDY 

The purpose of this study is mathematical modeling of the process of 

convection drying of an anisotropic porous prismatic bar of rectangular 

cross-section  21 2,2 LL  taking into account the movement of the 

boundaries of phase transitions. We believe that the conditions of drying the 

bar lengthwise are the same. Therefore, we consider the problem of heat 

distribution and formation of a dried zone in its cross-section the outer 

contour of which in the variables x1 and x2 is described by the equation 

     02

2

2

2

2

1

2

10  LxLxF   (1) 

In the process of heat exchange of the body with a drying agent, a 

dried zone is formed that extends from the outer surface to the depth of the 

body. So, let the dried and moist zones are separated by the cylindrical 

surface, the generatric lines of which are parallel to the axis of the bar, and 

the closed contour of its cross-section is their guiding line. Its equation takes 

the form 

    ,0  FFm    (2) 

where    is unknown function of time. 

The temperature of the porous prismatic orthotropic body in the dried 

zone is described by the equation: 
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Here the indices sav ,,  denote the components such as vapor, air and 

skeleton while, 
sav CCC ,,, ,

sav  ,,  are denote porosity, heat 

capacity, vapor density, air, skeleton, respectively; ij  are components of 

the thermal conductivity tensor; T  is temperature. The surfaces of the body 

have boundary conditions of the third kind. 

In this equation, we proceed to the variables  21, xx   which coincide 

with the main directions of the thermal conductivity anisotropy. As a result, 

we obtain: 
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where 
21,  are main anisotropy coefficients of thermal conductivity. 

 ,, 2211222111 xmxmxxlxlx    (5) 

If you proceed to the variables   ,/ 1

2/1

11 x   

  2

2/1

22 / x  ,  0 , the equation  (4)  will take the form: 

  ,///
2

2

22

1

2   TTaT

   .1)(/ ssaavv CCCa     (6) 

Identified are the main coefficients of thermal conductivity through 

the coefficients of thermal conductivity of the orthotropic material and the 

mutually unambiguous transformation of coordinates is determined: 

   ;// 22221121   xxx    

   .// 22111112   xxx    (7) 
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Consider the cross section of the orthotropic prism 11BBDD . In the 

coordinate system 21xOx , the points of the vertex of the rectangle 

11BBDD  will be as follows: 

        .,,,,,,, 2112112121 LLBLLDLLDLLB    (8) 

It is important to obtain boundary conditions on the surfaces in the 

variables 
1 ,

2 : 

    ,0*/  tuTHT ii   (9) 

where 
*

iH , 
iH , 

i
~  are  heat transfer coefficients. 

In the drying zone, we use the equation 

  2
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2 ///   TTT   (10) 

The cross-sectional profile of the bar 11BDDB  in the variables 

1 ,
2  is described by the equation 
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  (11) 

The surface that separates the dry and moist zones will have an oval 

cylindrical shape, and when fully dried, it stretches to the line that is the axis 

of the bar. 

We present the equation for the boundary of dried and moist areas as: 
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where    is yet unknown function of time  .     

Let us introduce the following values: 

        mm TTTT /,, 21
, 

mmmm aaac //   , 

a * , 
mmmm ac /1/  , 

mTT ,
 are the temperatures on the 

cross-sectional surface of the bar and at the boundary of the phase transition.  

Providing the continuity of the heat flow between the surfaces 
0F and 

mF , we find the value  : 

 
   

      ,/2

4

2

2

2

3

2

2

2

2

2

1

2

1

2

1








  (13)  

The equation for the bar profile (11) and the line dividing the dry and 

moist zones (12) will be written in the form: 
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From (14), we define explicitly the equation for the phase transition 

curve in the cross-section of the bar: 
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To solve this problem, it is necessary to obtain the equation of 

thermal balance in the region bounded by the external contour of the cross 

section of the bar and the contour of the boundary of the phase transition.  

Using [2], we define  
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where    
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The volume of the dried zone per unit length of the bar which is 

located between the planes 0,00  mFF , determined by the formulas: 
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Define the derivative of the volume in time, taking into account the 

time dependence of the value  *  and the time dependence of the upper 

limit of the integral. Based on this, we obtain: 

   ),(//// 21

* AJddV V     (18) 

Here, the functions of time are the integration limit: 
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The derivative of  *  in time equals 
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Explicitly, the integral is defined in the region 


S , which is limited 

by the phase transition boundary.  

The integral by the outer surface of the contour: 
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where  3,2,1iJ i  are integrals with variable limits. To define them, 

analytical expressions are obtained  

Thus, the solution to the problem of satisfaction of boundary 

conditions on the movable boundaries of the phase transition is as follows: 
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The integrals on the boundary of the phase transition are determined 

by the numerical method. 

This algorithm was tested on the wood (pine) drying model [4]. 

 

 
Fig.1 The dependence of the phase transition coordinate in time for different 

temperature regimes of the drying process. 

 

CONCLUSIONS 

Synthesized is the mathematical model of heat-and-mass transfer in 

capillary-porous anisotropic materials with consideration for the phase 

transition boundary. The random orientation of the main axes of the thermal 

conductivity tensor is taken into account, and the influence is determined of 

the main components and the orientation of the main axes of the thermal 

conductivity tensor as well as the non-stationary temperature fields in the 

anisotropic material. Developed is the analytical-numerical method for 

realization of the mathematical model of heat transfer and determination of 

the movable boundary of phase transition in a rectangular region. 
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INTRODUCTION 

In this paper, we consider the system of initial theoretical positions, 

which are the basis for research on the search for variants of cellular 

automata in the study of thermo-mechanical processes in 3D objects of 

SolidWorks. These studies are carried out by representing three-

dimensional objects in the 2D von Neumann collations of the 1st order. 

Execution of this work also involves the creation of initial rules for 

changing the system, which are necessary for the direct use of cellular 

automata.  

The main direction of the research of cellular automata is the 

algorithmic solving of individual problems, which in one way or another 

use a two-dimensional coordinate system.  

The result of this work will be the development of the concept of the 

use of cellular automata for the study of three-dimensional objects, as well 

as the creation of appropriate software, which will allow the use of this 

concept in conducting various types of experiments. 

THE MAIN TASKS OF THIS WORK 

Initially, we have the assembly of 3D model of fixed-sized piles, 

which was created by using the early-developed software. [1], [2] 

Next, we cut the existing assembly for a number of 3D cubes the 

same size. The number of this 3D cubes is limited and depends on the 

density of the cut parameters. 

When we have some 3D cubes, it is necessary to make their 

transformation in order to represent them in the form of 2D squares. This 

step is very necessary and important, because with this transformation we 

will be able to use cellular automata.  

In order to accomplish this task, we choose the 2D field of von 

Neumann in 1st order. According numbering of 3D cube facet and 2D 

neighborhood von Neumann in 1st order, we create a graphical relationship 

facet of 3D cubes, which are shown in Figure 1. [3] 

mailto:sokolowskyyyar@yahoo.com
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Fig.1 View relationship facet of 3D cubes by using 2D Von Neumann Fields  

Therefore, we can see how one 3D cube facet can affect to another in 

the first figure. By using these relations was developed a general scheme for 

the external and internal facet of the created 3D cubes.  

This schema is shown in Figure 2. The values of X [1-6] are                   

the own facet of the selected 3D cube, and of course the value of                  

Y [1-6] is the facet of the outer selected 3D cube that is adjacent to the 

selected one. It’s clear that cells of one 3d cube can only interact with the 

cells of the adjacent 3d cube and not otherwise [4]. 

 

 

Fig.2 Scheme for the external and internal facet of the created 3D cubes 
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Visual representation of this scheme of relationship between            

the facets difference of 3D cubes, are shown in Figure 3. 

 
Fig.3 Visual representation the scheme of  

relationship between the faces of 3D cubes 

CREATING INTERRELATION BETWEEN DEVELOPED CLASSES  

To solve this task, it is necessary to develop several basic and 

secondary classes. With these classes, you can implement a scheme of 

interconnections between the faces of chosen 3D cubes. In Figure 4, you 

can see the graphical relationship between these developed classes.  

 

Fig.4 Graphic interrelation between developed classes 
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A class diagram of all developed classes you can see in Figure 5. 

 

Fig.5 View the diagram of classes 

GENERATION OF THE RESEARCHED SYSTEM                                                

BY USING DEVELOPED SOFTWARE 

After creating and configuring all of the developed classes, was 

started the process of creating a graphical interface for generating the 

explored system. [5]  

This graphical interface includes three blocks, each of which allows 

you to define various parameters of the generation of the studied system. 

The first block is called "Calculation the size and number of 3D cubes". It 

serves to provide the user with the following information: Length, height 

and width of one lumber; Number of lumber in one stack; Height of gaskets 

between lumber; Total number of stacks.  

In addition, the first block has the button "Find", which allows               

you to determine the possible variants of the section density of the three-

dimensional studied system. Based on the values of the selected density,            

3D cubes were constructed. The height, width and thickness of these 3D 

cubes is equal to the value of the selected section, which can be multiple 

0.25 mm. It is clear that the number generated 3D cubes will directly 

depend on the selected density cut. The process of creating 3D cubes is 

done by pressing a button, which is called "Begin creating". 

The second block is called "Results of calculations". This block 

contains information about the number of created 3D cubes for the 

following parameters: One lumber; One stack of lumber; The whole 

researched system. Despite the large number of 3D cubes, the process of 

their creation does not take much time. However, a further process of 
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calculation requires the availability of a PC that has good technical 

characteristics. In addition, this block has fields for entering the initial 

values of temperature and humidity of air and lumber [6]. 

When all the initial parameters are specified, it is necessary to 

complete the creation of the studied system by pressing the corresponding 

button. The last third block serves to verify the adequacy of the system.  

This block becomes available immediately after creating the system 

under study. The verification process consists in choosing the coordinates of 

the required 3D cube. Next, you can get all the necessary parameters 

contained in the specified 3D cube.  

The graphical interface of the software developed, besides text 

information, contains a visual representation of the above parameters, which 

in turn makes it more understandable and easier for the end user. The 

general view of the developed graphical interface is shown in Figure 6. [7] 

 

Fig.6 Graphical interface of the developed software 

RESULTS 

The result of this work is the creation the new software, which  

allows you to receive two-dimensional arrays of information that are 

necessary for using cellular automata. In addition, this software allows             

you to obtain arrays of information from the downloaded 3D models that  

are assembly in SolidWorks environment, by using early development 

application software. Also by using this software, was generate researched 

system, which can used cellular automata. 

CONCLUSIONS 

As a result of this work, was created a software with which you can 

download a 3D model of lumber piles and instantly calculate the number of 

possible variants of cutting each of the lumber into 3D cubes of the same 
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size. The cutting process itself takes place using the SolidWorks API. The 

resulting 3D cubes were presented in the form of 2D neighborhood of von 

Neumann 1st order. With this view, a relationship scheme was created for 

the inner and outer sides of the created 3D cubes.   

Also in this work, we developed the diagram of classes. In general, 

in this work, we examined the possibilities of using the theory of cellular 

automata in studying models presented in a three-dimensional coordinate 

system. Based on all these transformations, was generated a system, that 

would be investigated by using cellular automata. This software was 

developed by using programming language C#. 

REFERENCES 

[1] Y. Sokolovskyy. Software for Automatic Calculation and Construction 

of Chamber Drying Wood and its Components / Y. Sokolovskyy, O. 

Sinkevych // Materials of the XII International Conference MEMSTECH 

2016, 20-24.04.2016, Lviv, Ukraine – Publisher Lviv Polytechnic, 2016. 

– pp. 209-213. 

[2] Y. Sokolovskyy. Calculation of the Drying Agent in Drying Chambers / 

Y. Sokolovskyy, O. Sinkevych // Materials of the XIV International 

Conference CADSM-2017, 21-25.02.2017, Polyana, Ukraine – Publisher 

Lviv Polytechnic, 2017. – pp. 27-31. 

[3] Toffoli T., Margolus N. A Cellular Automata Machine. – M.: WORLD, 

1991. – 280 p. 

[4] Wolfram S. A new kind of science. - Wolfram Media Inc., Champaign, 

Ill., USA.2002. 

[5] Y. Sokolovskyy, O. Sinkevych Automated System for Modeling and 

Optimization Aerodynamic Processes in CAD of Drying Chambers / 

Materials of the XXIV International Conference CADMD 2016, 21-

22.10.2016, Lviv, Ukraine - Lviv Polytechnic National University, 

2016. - P. 31-38. 

[6] O. V. Sinkevych, Software and algorithmic provided for work with 

cellular automates / O. V. Sinkevych, I. Ya. Sokolovskyy // Scientific 

Bulletin of the National Forestry University of Ukraine: a collection              

of scientific and technical works. - Lviv: NFU of Ukraine, 2018. Issue 

28.3. - P. 137-141. 

[7] Sokolovskyy J., Sinkevych O. Software and algorithmic support for 

representation of CAD models in 2D von Neumann neighborhood / 

International conference "Advanced computer information technologies 

2018"; Cesce Budejovice, Czech Republic, June 1-4, 2018, p. 215-218. 



95 

CADMD 2018, October 19-20, 2018, Lviv, UKRAINE  

Electrical Model of Vibratory  

Micro Angular Velocity Sensor 

 

Jacek Nazdrowicz, Mariusz Jankowski 

Lodz University of Technology 

jnazdrowicz@dmcs.pl, jankowsk@dmcs.pl  

 

INTRODUCTION 

Angular velocity sensor – gyroscope - is a device which is 

commonly used to measure the rotation rate of a specified solid object with 

respect to an inertial frame of reference. “Commonly” means that this kind 

of device is used commercially in equipment many people used. 

Microgyroscopes are one of the most important types of silicon-based 

sensors in MEMS world
 
[5]. Because of small dimensions of this sensor 

application potential continuously grows and this device finds its 

appropriate place in navigation, automotive safety systems, rollover 

detection, computer input devices, sports and medical equipment, platform 

stabilization of heavy machinerymilitary, platform stabilization of avionics, 

unmanned air or land vehicles, inertial measurement units for inertial 

navigation, automatics and robotics  and more. 

 
Fig. 1 General gyroscope and MEMS vibrating gyroscope operation principal and 

model of decoupled gyroscope considered in this article. 
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A gyroscope (also accelerometers) behaves as a damped mass on a 

spring [1-2]. Principle of gyroscope operation is not complex, it uses 

Coriolis effect (Coriolis force) which appears in rotating objects (fig.1). 

When object rotates around z axis and moves along x axis with linear 

velocity v (which is orthogonal to rotating axis) additional force along y axis 

appears. Coriolis phenomena causes that in case of clockwise rotation, 

Coriolis force acts along with negative part of y axis to the left of the object 

motion. In case of anticlockwise rotation, the force acts along with positive 

part of y axis. This force is equals [3,4]:  

 𝐹𝐶 = −2𝑚(𝛺
→

× 𝑣
→

) (1) 

where Ω – is angular velocity, v – linear velocity, m – mass of object. 
Vibrating MEMS gyroscope can be described with second order 

differential equations:  

 𝑚
𝑑2𝑥

𝑑𝑡2 + 𝑏𝑥
𝑑𝑥

𝑑𝑡
+ 𝑘𝑥𝑥 = 𝐹𝐷 𝑠𝑖𝑛( 𝜔𝑡) (2) 

 𝑚
𝑑2𝑦

𝑑𝑡2 + 𝑏𝑦
𝑑𝑦

𝑑𝑡
+ 𝑘𝑦𝑦 = −2𝑚

𝑑𝑥

𝑑𝑡
𝛺 (3) 

where m – vibrating mass, bx, by – damping coefficient, kx, ky – spring 

coefficient,  W – measured angular velocity, FD – force generated by comb 

drive actuator.  

These equation reflects behavior inertial mass motion along two 

direction: one in drive direction (actuator) and one in sense direction 

(sensor). Spring constant is calculated using following formulas, which 

allows to obtain single beam spring constant, parallel and serial spring 

connection: 

 𝑘𝑏 =
𝐸𝑤𝑡3

4𝐿3 , 𝑘𝑝 =  𝑘𝑝𝑖𝑖 ,
1

𝑘𝑠
=  

1

𝑘𝑠𝑖
𝑖     (4) 

 
Because both drive and sense directions includes comb drive set, it is 

incredibly important to minimize or avoid any unnecessary mutual motion 
leverage which appear during rotation. This is why model of gyroscope 
should be strongly decoupled and has separated springs motions in both 
directions. For drive direction four edge springs with comb drive and two 
central springs on sense side are coupled (fig. 1). Similarly is for sense 
direction. Based on gyroscope mass m and stiffness resonant frequency 0 
and quality factor can be calculated applying following equation: 

 𝜔0 =  
𝑘

𝑚
=  

𝑘0(1+𝛼𝑇)

𝑚
  (5) 
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 𝑄 =
𝑚𝜔0

𝑏
  (6)  

Q factor describes how gyroscope behaves in meaning of damping. High Q 

factors reflects oscillators with low damping – they vibrates longer. Q factor 

value of 0.5 is threshold which changes meaningfully damping during 

vibrations. 

 

ELECTRICAL EQUIVALENT MODEL OF MEMS GYROSCOPE 

Whole above theory which is related to mechanical behavior of 

gyroscope sensor can be successfully transferred to other domain and 

described by equivalent physical phenomena. Well-known motion equation 

(2) has its counterpart in other physical domains. Model created in 

Matlab/SIMULINK was based on electrical analogies of mechanical and 

electrical physical quantities. In MEMS modelling world electrical 

equivalent models are very popular and one can find many examples of 

different sensors and actuators. Popularity comes from fact, one can use 

software like PSPICE for modeling and simulations. Transferring gyroscope 

model from mechanical domain to electrical one can be easy achieved with 

transferring appropriate physical quantities from one domain to other. Table 

1. includes some mechanical-physical analogies. One can easy transform 

force, velocity, mass, spring constant and damping coefficient to electrical 

domain by substituting quantities in set of two equations (2) and (3).  

 
TABLE 1 

LIST OF ELECTRICAL ANALOGIES FOR MODEL. 

Mechanical Quantity Electrical Quantity 

v - velocity V - voltage 

F – force I - current 

m - mass C - capacitance 

 

Transformed motion equation is presented in (4). 

 

 𝐼 = 𝐶
𝑑𝑉

𝑑𝑡
+

1

𝑅
𝑉 +

1

𝐿
 𝑉𝑑𝑡  (7) 

 𝐼 = 𝐶
𝑑2𝜙

𝑑𝑡
+

1

𝑅

𝑑𝜙

𝑑𝑡
+

1

𝐿
𝜙 (8) 

 

where:  - flux in electrical domain (equivalence of displacement x).  

In fig. 2 there is electrical equivalent model of MEMS gyroscope 

created by authors with use these eq. 6 and 7 describing dynamics of 

electrical circuit. Fig. 2 also presents subschema for mass calculation (in 
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 electrical equivalent this reflects to capacitance). This subschema calculates 

total mass based on sum of masses particular parts: inertial mass, edge and 

center springs. 

     

 
Fig.2 General schema of the presented model: electrical equivalent model of 

gyroscope and mass calculation. 
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Results obtained from this model were compared with results came from 

mathematical and physical models implemented with standard and 

SimScape Toolboxes. Displacements, velocities and accelerations along 

drive and sense directions were very similar.  

According to mentioned earlier it is incredibly important to get 

maximum displacement along y direction caused by Coriolis force. Because 

this system is vibrating, maximum displacement can be achieved when 

external frequency applied along x direction is equal to eigenfrequency. 

RESULTS OF SIMULATIONS 

We performed simulation to test how model behaves when above 

resonance condition is meet. First, these tests required to calculate spring 

coefficient, mass and then – resonant frequency. Values taken for 

simulation were as following: Wm=450⋅10
-6

m, Lm=450⋅10
-6

m, k=0.3461N/m, 

m=1.189⋅10
-9

m, 0=17060 1/s. Tests were performed with =5rad/s 

applied. Results of simulations are presented in frequency domain to show 

optimal value of frequency and to obtain maximum displacement for sense 

direction. They show that there is dramatically growth of amplitude 

displacement of inertial mass along y direction when eigenfrequency is 

applied along x direction. Simulation results are presented for different 

inertial mass dimensions and spring length Larm=500*10
-3

m (fig.3). We 

observe, that geometrical dimensions leverage on sense displacement and 

moreover changes eigenfrequency. It can be observed, that geometrical 

dimensions have meaningful impact on characteristics in frequency domain. 

Spring dimensions change cause change both spring constant and total 

mass; inertial mass dimensions change – total mass only. Note, that large 

size of inertia mass (Lm=500⋅10
-6

m) gives much better results of y 

displacement than in small size case (Lm=300⋅10
-6

m). Concluding, 

simulation results point out that along with mass growth, resonant 

frequency drops and amplitude in resonant frequency meaningfully 

increases. For low frequencies, system is more sensitive on small frequency 

deviations, however for high frequencies, plot in frequency domain become 

more smooth and system better tolerates frequency fluctuations.  

For various spring length (fig. 3) spring constant is calculated based 

on geometrical dimensions and eq. 4 for complex springs connection. Here, 

spring constant is next factor which leverages on y displacement results. It 

is especially visible also at resonant frequency. For spring length 

L=0,0005m there is the best result of y displacement (2.5⋅10
-10

m) for 

frequency f=17040Hz. The worst results are for Lm=300⋅10
-6

m (f=32000Hz,  

y=2,5⋅10
-11

m). 
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Fig.3 Displacement in y (sense) direction in frequency domain in dependency of 

inertia mass dimensions and spring length. 
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In fig. 4 there are presented maximum displacement in sense 

direction in dependency of spring length for specified 5 different 

frequencies. We observe that maximum displacement increases along with 

spring length and optimal frequency of actuator also increases; moreover 

here one can see that for given spring length there is maximum 

displacement threshold impossible to exceed. In fig. 4 we observe that for 

both drive and sense direction sense amplitude dependency on spring length 

are non-linear. Difference between amplitudes for both directions lessens 

along with spring length. Therefore, to get maximum sense displacement it 

is necessary to extend spring as much as possible.  

 

 

Fig.4 Displacement in y (sense) direction in frequency domain in dependency of 

inertia mass dimensions and spring length. 
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Next tests are considered response on dynamical changes angular 

velocity. Created electrical equivalent model of MEMS gyroscope allowed 

us simply substitute signal generator instead of constant value of angular 

velocity.  Such generator is very useful for model testing in case of fast 

changes of angular velocity and to obtain information about response 

characteristics (y sense oscillations).  

In fig. 5 there are presented entry angular velocity signals. In the first 

case angular velocity is 5 rad/s, next increases to 20 rad/s and then changes  

to -20 rad/s. We observe on fig. 6 that y amplitude changes slightly and for 

change rotation motion to opposite direction, time switching lasts longer 

(see plot between 5 and 6 ms). Note, that vibrations change their phase 180 

degrees. Depend on point in time of angular motion change, some artefacts 

can appear – here they can be observed at 3ms where maximum of 

displacement is little bit higher than for previous vibrations. The best results 

are when angular velocity switching point is when amplitude in y is equal to 

0. This fact should be particularly taken into consideration during 

processing amplitude output signal and transform its to other physical 

quantity because of falsified result.  

In case 2 signal is similar but particular signal levels last shorten. 

Again, amplitudes of vibrations switches slightly, and there is enough time 

to switch and achieve targeted amplitude. Although signal is similar to this 

discussed in case 1 we see that artefacts do not appear. Here, we also 

observe that changes rotation direction causes changes vibration phase. 

In case 3 we tested model of gyroscope with angular velocity 

increased after subsequent periods of times. In such case there is no 

switching phase and amplitude changes slightly in whole simulation time 

range. 

 

Fig.5 Input signal representing angular velocities for three cases. 
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Fig.6 Input signal representing angular velocities for three cases. 

CONCLUSIONS 

In this paper electrical equivalent model of MEMS Gyroscope was 

created in Matlab/SIMULINK environment. Model is highly parametrizable 

regarding geometry details. The advantage is that it can be transferred to 

other software packages that allows to simulate electrical circuits. Another 

advantage of such model is that calculations takes less time than in case of 

Finite Element Analysis software, however we have to remember that 

presented model is simplified. 

The sets of geometrical parameters were applied to model to 

compare results and get optimal gyroscope dimensions – inertial mass and 

spring length, which are crucial in case of searching for frequency to apply 

and based on this – quality factor (which is not considered in this paper) 

influence on damping behavior of the device.  

Results of simulations of electrical model show strong dependency 

between drive and sense directions. However small amplitude along sense 

direction causes small capacitance changes (sensing element) what enforce 

to optimize geometry dimensions and apply appropriate resonant frequency.  
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INTRODUCTION 

  

Significant costs for the construction and repair of modern high-

speed transport networks necessitate (in the design process) the provision of 

transport communication of the given basic nodes of the network while 

minimising its total length. Therefore, the task of definition the path of the 

minimum total length, which connects all basic nodes of the network, taking 

into account the flows existing between them, is solved in this work. In this 

case, in contrast to the classical problem of searching for the shortest path 

on a given vertices of the weighted graph [1], we propose a method based 

on the introduction of the additional nodes, through which the path of the 

minimum total length is passed. For determine the co-ordinates of this 

additional nodes does not apply network's graph model. Since the specified 

additional nodes do not coincide with the basic nodes and are not on the 

arcs that connect them, then the solvable problem is not reduced to the 

classical problem of placement [1]. 

The input data for the solvable problem are the co-ordinates of the 

basic nodes of the network, which must be connected by paths of minimum 

total length. In this case, the length of the paths between the pairs of basic 

nodes is minimised, if possible, taking into account the intensity of the 

flows that exist between these nodes. 

 

METHOD FOR DEFINITION OF THE  

PATH WITH MINIMUM TOTAL LENGTH 

The essence of the proposed approach to network design is presented 

in a demonstration example (Fig. 1). 

Let the basic nodes of the network (1,2,3) be located at the vertices 

of an equilateral triangle with a length of the side L (i, j) = 60 km. In this 

case, the total length of the paths that directly connect all the basic nodes is 
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Ls = 180 km (variant 1). In the second variant, the distance between the 

basic nodes (for example (1, 2)) through the additional node 4 is D(1,2) = 

D(1,4) + D(4,2) = 69,3 km. The total length of the paths that connecting all 

basic nodes through an additional node 4 is Ds = 104 km (variant 2). The 

coefficient of reduction of the total length of the path is equal Kz = 180/104 

= 1.7. The coefficient of lengthening of the path between the basic nodes (1, 

2) through node 4 is Ku = 69.3/60 = 1.16. Thus, the method provides a 

significant reduction in the total length of the path between the basic nodes 

with a slight increase in the path between pairs of basic nodes through an 

additional node (Ku < Kz). In case of significant costs for network 

construction (for example, for high-speed railways at speeds of 250 km / h, 

the cost of a kilometer is € 20 million) variant 2 is more promising. 

At different flows between basic nodes, the additional node is shifted 

towards the nodes with more intensive flows to reduce the path length 

through node 4 (is denoted by a wavy line). 

 
Fig. 1 The demonstration variant of the network (example 1). 

 

Program implementation of the method at given coordinates of the 

basic nodes of the network and the intensity of flows between them     

consists of the following steps: 

1. The most remote nodes (i, j) of the network, which connected 

directly to each other (for example, (1, 2)) is determined (x (i) = xmin, x (j) 

= xmax, y (i) = ymin, y (j) = ymax, x = x (j) - x (i), y = y (j) -y (i), x < 

y or y < x). 

2. The initial coordinates of the additional nodes that located at the 

intersection points of the straight line between the most distant nodes and 

the straight lines perpendicular to it and passing through the rest of the basic 

nodes of the network are determined. These initial coordinates will be 

changed during the iterative search for an optimal network variant. 

3. The distance between all the basic nodes of the network is 

determined 

  L(i,  j)=SQRT((x(j)-x(i))
2
+(y(j)-y(i))

2
)  (1) 

1 3 

2

1 

4 
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where: i = 1, N, j = 1, N, i ≠ j, N – is the number of basic nodes of the 

network. 

4. The distance between each of the additional nodes m and adjacent 

basic nodes and additional nodes is determined 

   D(m, j)=SQRT((x(j)-x(m))
2
+(y(j)-y(m))

2
)    (2) 

5. For each pair of basic nodes (i, j), that adjacent to the additional 

node m, the coefficient of elongation is determined 

   Kp(i, j)=(D(m, i)+D(m, j))/L(i, j)   (3)  

6. The generalized elongation factor is determined  

   Kq(i, j)=Kp(i, j)*Ss(i, j)     (4) 

where: Ss (i, j) - is the total flow between the basic nodes (i, j). 

7. For all pairs of basic nodes (i, j) the optimization index is 

determined 

   Kq(i, j)=(Kq(i, j)-Kqmin)   (5) 

where: Kqmin = min (Kq (i, j)), i = 1, M, j = 1, M, i ≠ j, M - the number of 

basic nodes adjacent to the additional node m. 

8. By changes of the additional nodes coordinates (x + x, y + y) of   

the node m (nine variants in accordance with Table 1) minimizes the value 

    Q=(Kq(i, j))
2
   (6) 

 Where: i=1,M, j=1,M, ij. 

 

TABLE 1 

VARIANTS FOR CHANGING THE COORDINATES OF ADDITIONAL NODES 

V 1 2 3 4 5 6 7 8 9 

x 0 0 1 1 1 0 -1 -1 -1 

y 0 1 1 0 -1 -1 -1 0 1 

  

9. In the presence of several additional nodes, a joint change in their 

coordinates is made. That is, all variants for the second node at each of the 

variants of the first is analyzed (combinatorial optimization). In this case, 

the computational complexity for the analyze of the variants for each 

iteration is proportional to (9)
M

. 

10. Search stops when variants 2-9 do not lead to a decrease in Q. 

The results of determining the coordinates of additional nodes at 

different variants of network (that shown in Figs. 2 and 3) are presented in 

Table II and III.  
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Fig. 2 The demonstration variant of the network (example 2). 

 

TABLE 2 
THE RESULT OF THE PATH DEFINITION (EXAMPLE 2) 

 n x(n) y(n) i j L(i,j) m j D(m,j) 

Introdused 

1 0 30 1 2 224 4 1 166 

2 200 100 1 3 180 4 2 80 

3 180 30 2 3 102 4 3 32 

Determined 4 40 38 Total 506 Total 278 

 

TABLE 2 (CONTINUATION) 

i j Path D(i,j) Ku(i,j) Kz 

1 2 1, 4, 2 246 1.1 

1.82 1 3 1, 4, 3 198 1.1 

2 3 2, 4, 3 112 1.1 

 

 

Fig. 3 The demonstration variant of the network (example 3). 
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TABLE 3 

THE RESULT OF THE PATH DEFINITION (EXAMPLE 3) 

 n x(n) y(n) i j L(i,j) m j D(m,j) 

Introdused 

1 0 30 1 2 57 5 1 41 

2 40 70 1 3 100 5 2 32 

3 100 30 1 4 76 5 6 33 

4 70 0 2 3 72 6 3 30 

Determined 
5 40 38 2 4 76 6 4 25 

6 70 25 3 4 42 Total 161 

 

TABLE 3 (CONTINUATION) 

i j Path D(i,j) Ku(i,j) Kz 

1 2 1,5,2 73 1.28 

2.63 

1 3 1,5,6,3 104 1.04 

1 4 1,5,6,4 99 1.3 

2 3 2,5,6,3 95 1.32 

2 4 2,5,6,4 90 1.18 

3 4 3,6,4 55 1.31 

 

CONCLUSIONS 

The proposed method provides a definition of the path of minimum 

total length with an insignificant lengthening of paths, that connect the basic 

nodes of the network, taking into account the flow between them. The 

method can be applied in the computer-aided design of automobile road and 

railways, as well as transmission and communication lines. 
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INTRODUCTION 

Recommendation systems are systems for providing personalized 

recommendations to users when selecting items. Personalization of 

recommendations means that the recommendation system offers users the 

items that most closely match their preferences[1]. Recommended systems 

arose at the end of the twentieth century[5], [6]. The incentive for the 

development of recommendation systems was the introduction of a 

worldwide network INTERNET. E-commerce is a new line of business that 

arose with the advent of the INTERNET [4]. Electron trade is a new 

direction of trade relations, which also arose with the introduction of the 

INTERNET network. E-commerce is a relationship aimed at generating 

profits arising from the acquisition, modification or termination of civil 

rights and obligations remotely with the use of information and 

telecommunications systems, as a result of which the participants in such 

relations have rights and obligations of property nature. Internet shop is the 

main subject of e-commerce. The task of e-commerce is the trade in items 

(goods, objects or services)[3], [4]. The main task of e-commerce is to 

obtain profit through the maximum satisfaction of the needs of 

consumers.[3]. Therefore, subjects of e-commerce make significant efforts 

and resources to research, develop and improve methods and tools for 

building recommendation systems.[1], [2]. Recommendation systems offer 

users items that have chosen similar to them consumers. The similarity of 

users in the method of collaborative filtering is defined as the similarity of 

user profile vectors. Diversity, novelty, and serendipity remain largely 

unheeded. In this paper, we propose a method and algorithm for accounting 

for the dissimilarity of items in the method of collaborative filtering. 

mailto:yuriy.v.stekh@lpnu.ua
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THE METHOD AND ALGORITHM FOR INCREASING  

DIVERSITY IN RECOMMENDATION SYSTEMS 

 Let there be a set of objects 
1 2{ , , , }ns s sS . This set has a high 

level of diversity, if there is a big difference between objects in the set. Let 

the difference between the objects 
is  and js  calculated by the formula 

( , )i jdist s s . Then the diversity of the set of objects can be calculated by the 

equation (1) 
1

1 1

1
( ) ( , ), ,

( 1)

N N

i j i j

i j i

diversity dist s s s s
N N



  

  

S S S  (1) 

The recommended system offers the user Top n items. Mostly these 

are ten items with the highest forecasted rating. However, among these 

items may be those that almost do not differ in their characteristics. The 

matrix of item - user in the method of collaborative filtering is characterized 

by high sparsity. The number of non-zero elements does not exceed 6-7% of 

the total number of elements in the matrix. The weighted sum method is 

used to predict the ratings of items. 

The classical model of collaborative filtering is to predict the 

unknown product rating for the active user by user-user or product-product 

model. For a method user-user [1,2] 

, ,

,

,

( )u i u a u

u

a i a

a u

u

r r w

p r
w







 



U

U

  (2) 

where ,a ip  – rating i-th item for active users; 

ar  – the average of the rating of the active user; 

ur  – average rating value of the u-th user; 

,u ir  – rating of the i item for u user; 

,a uw  – coefficient of similarity for a rating vector of active user and rating 

vector of u user. 

For the method of the item-item [1,2] 

, ,

,

,

u n i n

u

u i

i n

u

r w

p
w









U

U

    (3) 

where ,i nw  – coefficient of similarity for a rating vector of i item and n 

item. 
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Accuracy of accounting similarity between vectors ,i nw significantly 

affect the accuracy of prediction of recommendations. 

The similarity coefficients for the user profile vectors take into 

account only the coincident values of the rating estimates. This leads to 

errors in the prediction recommendations. The predicted items may differ 

little from each other. Traditionally, recommendation systems do not take 

into account diversity in forecasting recommendations. The structural 

scheme of the process of forecasting recommendations taking into account 

the diversity is shown in Fig.1. 

 

User-item rating 

matrix

Forecasting 

Top N items

Improving 

diversity
Recommendation

 
Fig.1 Structural scheme of the process of forecasting recommendations 

 

The following expression is used to calculate the diversity 

1 2

3 4

( , , ) ( ) (1 ) ( , )

( ( , ) (1 ) ( , )),

FDIV i F i F i

F i F i

 

 

   

 

U R R

U U
 (4) 

where i an item whose diversification is assess; 

U active user profile; 

R set of items that were predicted by the method of collaborative 

filtering; 

, (0,1]     control parameters. 

The components of the expression have the following meaning: 

1( )F i  evaluation of the priority of the predicted rating of the i-th item; 

2 ( , )F i R an estimate of the diversity of the item i with respect to the set R; 

3( , )F i U  evaluation of the advantages of the item і for the active user; 

4 ( , )F i U  estimate of the novelty of the object i with respect to the set R. 

The following expressions are used to calculate the components of 

formula (4): 

1

( )
( ) ,

pr i
F i

MaxRating
    (5) 

where ( )pr i   predicted rating of the i-th item; 

MaxRating   highest possible rating; 
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Fig.2. The algorithm for increasing the diversity of items. 

 

2

1
( ) ( , )

r

F i dist i r


 
RR

,   (6) 

where ( , )dist i r   estimation of the dissimilarity between item i and item r; 

3

( , ) ( , )

( , )
( , )

u

u

sim i u r u

F i
r u









U

U

U

U
U

,  (7) 

where ( , )sim i u   the similarity between item i and item u; 

( , )r u U  rating of the item u in the profile of the active user U; 

4 ( , ) ( , { })F i div i U N U ,  (8) 

where N  set of objects from the neighborhood of the active user U. 
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Let the set of recommended items R. This set of items iteratively 

increases to increase diversity due to items from the set N. A set is formed 

as the union of sets of objects from the neighborhood of objects for the 

active user. 

The algorithm for increasing the diversity of items is presented in the 

Fig.2 
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INTRODUCTION 

Creating output MEMS sensor for manufacturing requires 

preparation in dedicated software environment like well-known Cadence. 

However, before that, many simulations must be performed to get satisfied 

responses from such system. In case of micromechanical systems one can 

use Coventor MEMS+ because it is more convenient for designing and it 

has interface to Cadence environment to perform simulation and prepare 

final structure for fabrication. On the other side this software has excellent 

interface to Matlab/SIMULINK environment which allows to create model 

including dedicated MEMS+ object (for example gyroscope). 

PHYSICAL MODEL OF MEMS  

GYROSCOPE AND RESULTS OF SIMULATIONS 

Model of MEMS Gyroscope which was chosen is presented in fig.1. 

It vibrates in x direction and measures rotation of object around y axis 

(Coriolis force is along z direction). It consists of four beams anchored at 

the ends and have four Box Beams springs included. Box Beam springs 

application gives better motion stability in z-direction and also takes much 

less space in compared to serpentine spring.  

 
Fig. 1 Gyroscope model used in simulations. 

In fig. 2 there are results of modal analysis presented. For this 

gyroscope first two modes should be considered only and their 

mailto:jnazdrowicz@dmcs.pl
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eigenfrequencies (table 1). Tuning gyroscope to get appropriate frequencies 

causes getting maximum displacement along sense direction. Next modes 

are ineffective and they are not used during optimization. 

 

 
Fig. 2 Modal analysis results for first and second modes. 

 

TABLE 1 

MODAL ANALYSIS RESULTS 

#  Mode Frequency (Hz)  Pole (real, imag)  Q factor  Maximum Translation  

1 9685.13 (-18.5158,60853.5) 1643.28 Mass_x 

2 14460.3 (-41.1875,90856.6) 1102.96 Mass_z 

3 24730.3 (-120.444,155385) 645.05 M61_z 

4 44825.2 (-396.565,281645) 355.106 M63_z 

5 48570.5 (-466.433,305177) 327.14 Mass_y 
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Results presented in table 1 (for five first modes) show that 

maximum translation for y direction can be achieved for 48570Hz 

frequency applied, therefore the optimal solution is to choose x direction for 

actuation and z direction for sensing (lower frequencies).  

 

 
Fig. 3 Voltage steps, capacitance versus voltage,  

x displacement versus on plate dimensions plots. 

 

In fig. 3 (middle) there are outputs how capacitance changes for 

different voltage applied in actuator (0V is applied to mass). We see that 

this dependency is not linear - the best capacitance results are for higher 

electrodes voltage. Very interesting are results of displacement in all 
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Fig. 4 X displacement versus beam width, x/z displacements versus rotational 

velocity, x/y displacements versus rotational velocity. 
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directions with various geometry details. We see in fig. 3 (right) that 

increase one dimension (width or length) causes nonlinear decrease 

amplitude in x direction (with the proviso that for small dimensions change 

is higher than for large dimensions). 

In fig. 4a we see dependency x amplitude on beam width. It is 

obvious that increase this dimension will decrease amplitude in x direction 

(and y, z too), because of stiffness growth. However amplitude changes 

more meaningful for small width values. 

Fig. 4 middle and 4 right presents output results for displacement 

dependent on rotational velocity for two cases. In fig. 4 (middle) rotation is 

on y axis, in fig. 4 (right) rotation is on z axis. As one can see better results 

are for first case. Note, that for case where rotation is around z axis, 

maximum displacements are of 10
-12

m order (10
4
 times less than for 

actuator). For second case this is 10
-23

m order (10
15 

times less), moreover, 

this dependency extremally fluctuates.  

 

CONCLUSIONS 

Presented results initially show how important are modal and DC 

analysis. Thanks to them we can see what are maximum displacements, 

how behaves sensor and what need to be considered during sensor design. 

As we can see DC analysis showed us that sensor based on Coriolis 

phenomena have much smaller displacement along sense directions in 

compare to drive one. This causes that electrostatically based sensing 

method gives very small capacitance differences, what can cause errors and 

inaccuracies. Modal analysis allows us detect the optimal sense directions 

and eigenfrequencies which enable resonant what gives meaningfully better 

displacement results. 
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